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Basic information

Lecture notes (or exercises): GG — Calculus — Teaching material,
or Yoh Tanimoto — Teaching — 2026 GG (From October 8, Prof. Cipolloni will give lessons)

Textbook: Hoffmann, Bradley, Sobecki, Price “Applied Calculus for Business, Economics,
and the Social and Life Sciences”

Office hours: Wed. 14:00-15:00 (or by appointment)

Why study calculus?

You will study law, economics, history, English, logic, statistics, group interaction, etc. In
some of these disciplines, numbers will play an important role.

Example: Tax rate and government revenue

Imagine that the government imposes a tax on business activities. If the tax rate is lower,
there are more activities. If the tax rate is higher, there are fewer activities.

T: tax rate.

B(7): business activity at tax rate 7.

What happens to the tax revenue if 7 rises? — Model.


https://economia.uniroma2.it/ba/globalgovernance/corso/3044/
https://yoh-tanimoto.github.io/teaching/2026C/index.html

T | 0 20 40 60 80 100
B(7) 100 80 60 40 20 0
tax revenue 7- B(7)/100 | 0 16 24 24 16 0

The tax revenue of the government is B(7) - 7,/100.
A higher tax rate does not mean higher revenue.

Mathematical models help us understand what happens when we change something... if the
models reflect the real world correctly.

Example: Minimum wage and employment rate

Let us consider what happens if the government imposes a minimum wage.
W: minimum wage.

L(W): labour demand (employment).

What happens if W rises in one state, but not in another state?

Assume that the labour market is in “perfect competition.” If the minimum wage were
raised, companies would have less profit from workers with lower wage. So we expect less
employment.

Data: New Jersey, 1992. $4.25/h — $5.05/h.! Slight increase in employment at fast-food
restaurants. (Later study: small negative effect on employment in general.?)

To understand how society works:

e need to make correct assumptions;
e need to understand how the model works;
e mneed to check whether the model matches reality.

In Calculus, we study tools to understand, use, and analyze models correctly: functions,
derivatives, integrals, graphs, differential equations.

Functions (Textbook section 1.1)

A function is a rule that assigns to each number z in A (“domain”) one (and only one)
number y in B (“codomain”, sometimes “range”).

y = f().

ID. Card and A. B. Krueger, “Minimum Wages and Employment: A Case Study of the Fast-Food Industry
in New Jersey and Pennsylvania,” American Economic Review 84 (1994), 772-793. nber.org/papers/w4509.

2D. Neumark and P. Shirley, “Myth or Measurement: What Does the New Minimum Wage Research
Say about Minimum Wages and Job Loss in the United States?,” Industrial Relations 61 (2022), 384-417.
nber.org/papers/w28388.



https://www.nber.org/papers/w4509
https://www.nber.org/papers/w28388

An example from data: average tuition fees, 4-year college.

z (year) | 1973 1978 1983
f(z) (US dollar) | 1898 2700 4639

The domain here is a finite set of years, so the graph is a set of separate points, not a curve.
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An example from a model:

y=f(z) =2’
If we take concrete numbers,
1 1 1
-2 -1 —= 0 = = 1 2
: P
4 1 =0 = - 14
It graph can be drawn as follows.
) y = a°
4 is
3 is
2 is
1 is
—2 -1 1 2 @
Examples
flz) =z

is defined for x > 0.
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Graph of a function (section 1.2)

If we have a function f, we can plot its graph.
Take the example above.

In general, consider a (data) point (x,y), where x,y are numbers. We can plot that point on
a plane. x,y are called the coordinates of the point (z,y).

y
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The graph of a function f is the collection of the points

(z, f(z)),
where = belongs to the domain of f.
Example.
flz) =2z + 1.
Y
y=2xr+1
4 1
2 1
—2 -1}
t + i
1 2
—9 1

Another sketch in the source:

2 r/_\
72_1//0 : — X

92 1

y=—a?+1+2

When does the graph intersect the x-axis and y-axis?

The y-intercept is (0, f(0)). The z-intercept is some (z, f(z)) such that f(z) = 0.

Example.
flz) =22+ 1.

y-intercept: (0,1).
z-intercept:

2¢24+1=0 = z=-—-,



Example.
flx)=—-2*+x+2.

y-intercept: (0,2).
r-intercepts:
— 2’4+ 1+2=0 <= 2*-2-2=0 <= (z+1)(z—-2)=0,

so (—1,0) and (2,0).

Example.
r+1
This is defined for = # 2.
y-intercept: 01 .
+

SO (0,—%).

z-intercept: a fraction is 0 exactly when its numerator is 0 (and its denominator is not), so

:c+1_
r—2

0 <= 2+1=0 <+ z=-1,

so (—1,0).

2026.09.15: Examples of functions

Linear function

f(z) =az + b,
here a, b are constants, which do not change when = changes.
Domain: all real numbers, (—o0, 00).
The y-intercept is b; the slope is a.
The following is the graph of f(z) = 1z + 1.



Quadratic function

Special forms:

f(x) = aa?,

with sketches for @ > 0 and a < 0. Domain: all real numbers, (—o0, c0).

f(@) = a(z = b)?,

with vertex at x = b;

flx) =2+,
with vertical shift c.
y a>0
Yy
T
a<0 : x
b
f(z) = ax® f(z) = a(x —b)? flz)=2*+c

In general,
f(z) = ax® +bx + ¢, a#0.

If a > 0ora<0,itisa parabola.

Completing the square:

f(z) =ax® + bz +c

()
=al|lr”+—-x)+cC
a



B a 4a?  4a?

b ? o
=alz+—) ——+ec
2a 4a

Recall:
(z+ A)? = 2% + 2Ax + A%
Yy Yy
a>0 2 B
_Q +c :
2 1
X 2a _i
| xr 2a
b2 :
4a te a<0
Intervals

(a,b) : numbers larger than a and smaller than b,
[a,b] : numbers not smaller than a and not larger than b,
(a,00) : numbers larger than a,

(—00,b] : numbers not larger than b.

(a,b) o o

a b

[a, b] . .

a b
(@, 00) o
a

(_007 b] *

b

Union of intervals is the “set” of points contained either in one or the other:

(—2,0) U[L,2].
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Intersection of intervals is the “set” of points contained in both:

(—=1,1)N10,2] = [0, 1).
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The left endpoint 0 is included, because 0 belongs to [0,2] and lies inside (—2,1). The right
endpoint 1 is excluded, because 1 does not belong to (—1,1).

A real-world example: Italian income tax

Let = be the income (in euro). The income tax T'(x) is determined as follows: the rate is
23% on the part of the income up to 28 000, 33% on the part between 28 000 and 50 000, and
43% on the part above 50000.3

0.23 z, 0 <z < 28000,
T(x) = {6440 4+ 0.33 (x — 28000), 28000 < = < 50000,
13700 + 0.43 (x — 50000), 2« > 50 000.

43%

13700 {------=========mmmmmsssssoss;

6440 |---------------> i

3Agenzia delle Entrate, agenziaentrate.gov.it.


https://www.agenziaentrate.gov.it/portale/web/english/personal-income-tax-rates-and-calculation

Operations on functions

)
e f(x)+ g(x) is another function;
e f(z) — g(x) is another function;

f(z)g(x) is another function;

f(z)

is another function, defined for = such that g(z) # 0;

g
e f(g(z)) is another function, if g(z) is in the domain of f (composition).

Examples.

Rational function

Domain:

Another rational function:

2+ 2?44
2 -3z

10



Root

For x > 0, there is y such that

y is called the square root; we write \/x.

is a function defined on [0, 00).

Vi=1, Vio=0, Vi=2 = V9=3,
V2 & 1.4142, V3~ 1.73205. ..

) Yy=2x
2 4
21 Y77
y =+
10
1 9

The graph of a function f is the collection of the points (z, f(x)), where x is in the domain

of f.

y =X
11 v
3 1
2 1
1 1
9 1 1 27
Absolute value
x, x>0,
lz| =<0, =0,
—x, =<0

11



y = |z|
2 1
1 4
2 1 1 2
Sign function
1, x>0,
signz = ¢ 0, x =0,
-1, z<0.
Yy
] y =signx
—2 -1 1 2 °

Exercises: domain of the following functions

1. f(z) = 32" + 4z. Domain: R.
2.

Need z # 1, so the domain is

x
x?2—1

fz) =

Need
140 <= (@-D@+1)#£0 — z#-1,1

Domain:
(—o0,—1) U (=1,1) U (1, 00).

12



flz) =vaz—1.

Need
r—1>20 <= z2>1,

hence the domain is [1, 00).

2026.09.17: Limits

Limits of functions (Textbook section 1.5)

We want to study the behaviour of f, what happens when x approaches certain values.

Examples. Consider
f(z) = 22
When x approaches 1, for example 1.1,1.01,1.001, .. .,

F(1.1)=1.21,  f£(1.01)=1.0201,  f(1.001) = 1.002001,

while f(1) = 1.

Consider

f(z) = signz.
When z approaches 0, for example 0.1,0.01,0.001, .. .,

sign(0.1) =1, sign(0.01) =1, sign(0.001) =1,

but sign(0) = 0. For negative values approaching 0, the sign is —1.

13



Definition

If f(z) gets closer and closer to a number L as x gets closer and closer to ¢, from both sides,
then we say that L is the limit of f as x approaches ¢, and write

lim f(z) = L.

Tr—cC

Example.
f(z) =2 c=1,
SO
lim 22 = 1.
rx—1

For f(z) = signz, when x approaches 0 from the right, sign z remains 1; from the left, it
remains —1. Therefore

lim sign x

z—0

does not exist.

Example. Let
2% —2x—3

f(ﬁ):Ta r# -1

When z approaches —1,
_2?=2r—-3  (z+1)(z—3)

= = —3
x4+ 1 x4+ 1 v ’

f(z)

so f(x) approaches —4.

14



—z—3
X

The graph is the line y = # — 3 with the point (—1, —4) removed: f(—1) is not defined, but
the height of the graph still approaches —4 as = approaches —1.

Example.
1
fla) = e

When z approaches 0 from the right, e.g. 0.1,0.01,0.001,
f£(0.1) = 10, £(0.01) = 100, £(0.001) = 1000.
When z approaches 0 from the left, e.g. —0.1,—0.01, —0.001,

f(=0.1) = =10,  f(=0.01)=—100,  f(—0.001) = —1000.

So
1
lim —
z—0
does not exist.
Yy

15



Geometrically, the limit exists when the height of the graph approaches L as x approaches
c. This does not say much about f(c) itself. Indeed, it can happen that

lim /() # f(c)
Example.
1, x#0,
J(@) = {0, v =0
Then
lmf(2) =1, but  f(0)=0
Y
J y= f(z)
]
2 -1 OI 1 o2 "
Rules of limits
Quotient form
We can define
f(x)
9(x)
if g(z) # 0. What happens to the limit of the quotient?
If
lim g(x) # 0,
then .
f($) . lim,_,. f(.??)

lim = — .
z=e g(x) lim, . g(x)

If lim, . f(x) = 0 and lim, . g(z) = 0, the value lim,_,, L)) can vary. This case is called

X
. . g(z
indeterminate.

. 2 . . . .
For example, lim, o % = lim, ;o x = 0 but lim, ¢ -5 = lim, o % does not exist.

Rules of limits

Assume that lim, . f(x) and lim,_,. g(z) exist. Then

lim(f () + 9() = lim f(2) + lim g(x),

r—cC

16



tim(/(@)g(@) = (lim f(@)) (lim g(x) )
nd fx) lim, f(2)
T img,_,. f(x
A g(x)  limg . g(z)’ i i g(n) 0
Examples.

f@) =.

When z approaches ¢, f(x) = x approaches c.

g(x) =k (constant).
When z approaches ¢, g(x) = k approaches k.

Example.
lim 2° = lim(z - 7) = (Iim x) (lim x) =
T—cC T—cC T—c T—C
Also,
lim of () = K i £ (),
and

lim(z? + 27) = 2 + 2c.

r—c

Example: rationalization

Vi1

r—1"

fz) =

When x — 1, x — 1 — 0. Numerically, values are close to 0.5. Indeed,

1 1 1

For an indeterminate limit, we cannot simply substitute z by c.

17



Example.

o 322 —38
lim
=1 ¢ — 2
Since
}}1_%(:1: —2)=-14#0,
we can substitute:
o 323 —-8 =5
lim = — = 5.
=1 1 — 2 —1

Example.
_ 22 —1
lim ———.
a—=1 12 — 3x + 2

Since the denominator tends to 0, this is indeterminate. Factor:

. r? -1 . (z=1D(x+1)
lim ——— = lim
o172 —3r+2 a1 (z—1)(x —2)
1 2
:limx+ = — =-2
z—=1l g — 2 —1

It
f(x) = apa" + ap_12" 4 - + ao,

then f is called a polynomial, and

lim f(2) = f(c).

Tr—cC

It

apx"™ + -+ ag
bt™ 4 -+ -+ by’

flx) =

then f is called a rational function, and

lim f(2) = f(c)

Tr—cC

provided the denominator at ¢ is nonzero.

2026.09.21: Infinite limits, one-sided limit

We studied the limit
lim f(z) = L,
r—c

meaning that f(z) approaches L when x approaches c.

There are other cases, where f increases or decreases without bound. We say

lim f(z) = +o0

18



if f(x) increases without bound, and

lim f(z) = —o0
if f(x) decreases without bound.
Examples.
1
fla)=—.

For instance,
f£(0.1) = 100, £(0.01) = 10000, f£(=0.001) = 1000000,

SO
1
lim — = oo.
x—0 xz

— DN
+ +

1

Here both sides behave in the same way, so the limit is +o0.
For
fla)=-
=

positive values near 0 become large and positive, while negative values near 0 become large

and negative, so
o1
lim —
z—0
does not exist.

If the values of f approach L as x increases without bound, we write
lim f(z) = L.

T—00

Similarly one may consider z — —oo0.

19



Example.

1
f(z) = =
f(10) = 0.1, f£(100) = 0.01,
and
f(=10) = —-0.1, f(—=100) = —0.01.
Thus
" .1
lim — =0, lim —=0.
Geometrically,

dg fle) =L
exists if the graph of f(z) approaches the line y = L, called a horizontal asymptote.

Similarly, if £ > 0,
A

lim — =0, lim — =0,
T—00 xk T——00 xk

where A is a constant.

Example. Find

1.2

lim ———.

=00 | 4 1 + 222
Directly this looks like the indeterminate form oo/co. Divide numerator and denominator
by x?:

x? 1
_1

Algebraic limit rules also hold for z — oo (when the relevant limits exist): sums, products,
and quotients.

o limg oo (f(7) + g(x)) = limg o0 f(2) + limy o0 g(7)
o lim, oo (f(z) — g(x)) = lim, o0 f(x) — lim, 00 g(2)
ol (f(2) - 9(2)) = (tmy g f(2)) - (limy s g(x)

o lim, .o % = Wmaseo @) (3£ Jim, o g(2) # 0).

limg 00 g()

Exercise:
202 +3z+1 | 2434 %
im ———— = lim —%—%~
3500 302 — by +2 03— 54 2
2
3



Example: crop yield model

If a crop is planted in soil where the nitrogen level is N, the crop yield can be “modelled”

(known by experience) by
AN

BN

where A and B are positive constants (Michaelis-Menten).

Y(N)

A
lim Y(N) = lim 5 =A
N—o0 N—oo i +1

Even if the nitrogen level increases, the crop yield does not increase unlimitedly.

Infinite-limit examples

f(z) ==, lim = = oo, lim z = —o0.
f(z) = 22, lim 2 = oo, lim 2? = co.
T—00 T——00
Exercise:
P+ 2r+1
lim
T—00 x—3

—2 +2r+1 2 —2-1
lim = lim — T
T—00 Tz —3 T—00 1—2
00
= —— = —00.
1
One-sided limits
Consider
1, x>0,
signx = ¢ 0, x =0,
-1, z<0.
lim sign x
x—0

does not exist, but when x approaches 0 from the right, sign x remains 1. We write

lim signx = 1.
z—07F

21



More generally, if f(x) approaches L when z approaches ¢ from the right (z > ¢), we write

lim f(z)= L.

T—ct

For approach from the left (z < ¢), we write

lim f(z) = L.

T—Cc

The two-sided limit exists if and only if both the one-sided limits exist.

Example. Tuition discount on the tuition fee at the University of Roma Tor Vergata de-
pends on the ISEE z of their household (an indicator of income and assets). 4

ISEE z discount f(x)
xr < 26000 100%

26 000 < z < 28000 60%
28000 < x < 30000 55%

x > 30000 0%

lim, 26000+ f () = 60, lim, 26000~ f () = 100.

Example.
1
flz) = E'
1 o1
lim — = oo, lim — = —00
z—0tT X z—0— X
Example.
. or—2
lim .
z—at x — 4
Here
lim (x —2) =2 lim ! = 00
z—4t 7 z—at x —4 N ’
Thus
. or—2
lim = 00.
z—at x —4

Exercises: Calculate

lim ———,
o0 gt 4 By
o342
lim .
z—0~ e

4Exemptions for a.a. 2024/25: studenti.uniroma2.it. Ordinary taxation

22
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Integer part

The integer part is written |z] in the notes (i.e. the floor function).

If x = 1.4, then
lz] = 1.
If x = 3.14, then
|3.14] = 3.

On each interval [n,n + 1) the value is constantly n, so the graph is a staircase: the left
endpoint of each step belongs to the graph, the right one does not.

Yy
y= |z
3 —o0
2 —o0
1 —o0
2 -1 1 2 3 47
—o0 —1]
—0 -2
At x =1,
. _ i —0.
Aplel=t Al =0

2026.09.22: Continuity

Continuity (Textbook section 1.6)

We have seen some functions and limits, for instance

lim 2* = ¢, lim signz =1 # 0.
Tr—cC r—0+
)
y =2z’
Y
Yy =sgnzw
C2 T
|
|
- x x
c
— <« <«

23



Definition. A function f is said to be continuous at c if
lim f(z) = £(c),

that is, ¢ is in the domain of f, lim,_,. f(z) exists, and it equals f(c). Otherwise f is said to
be discontinuous at c. The idea is that the graph of f is connected (unbroken) at c.

Examples.

e f(z) =z is continuous: lim, ,.x = c= f(c).

e f(x) = 2% is continuous:

lim * = (limw) <lim:1:> =c-c=c"= f(c).
Tr—cC Tr—cC Tr—cC

o f(z) = 2* + x is continuous, using the rules of limits:
2 T a2 o T 2 4
lsgng(x +x) = limz” +limz = ¢" +c= f(e).

1
o f(x)=—.1If ¢ # 0, — is continuous at c:
x T
1 1 1
lim—=——=-
z=cgy  lim,,.r ¢

1 1
If ¢ =0, — is discontinuous at 0, because lim — does not exist.
€T z—0

These examples are all instances of the same principle: each rule of limits gives a rule of
continuity.

Rules of continuity. Let f and g be continuous at ¢. Then

e f(z)+g(x) and f(z) — g(x) are continuous at ¢;
o f(z)g(x) is continuous at ¢;
f(z)

g(x)
o if h is continuous at f(c), then h(f(x)) is continuous at ¢ (composition).

is continuous at ¢, provided that g(c) # 0;

Each of these follows from the corresponding rule of limits. For the product, for instance,

lim f(@)g(2) = (lim (2) ) (lim 9(a) ) = f(elgo)

r—cC

which is exactly the statement that fg is continuous at c.
In general, a function of the form
f(2) = apz™ 4+ ap_12" ' + -+ a1z + ag
x
(a polynomial) is continuous at every c. A function of the form f(x) = M7 where p(x) and

q(z)

q(z) are polynomials (a rational function), is continuous at every ¢ such that ¢(c) # 0.

24



Example.
x—1

This f is continuous at x = 3. Indeed, lim, ,3(z —2) =3 -2 =1# 0. Thus

r—1 3-1 2
1 2T 29 #(3).
oS5y —2 3-2 1 1)

Example.

For ¢ # 1, either ¢ < 1or ¢ > 1. If ¢ <1, then lim h(z) = lim(z + 1) = ¢+ 1 = h(c). If
¢ > 1, then lim h(z) = lim(2 — z) = 2 — ¢ = h(c).

r—c r—cC
At c=1,
lim A(z) = lim (z+1)=1+1=2, lim A(z) = lim 2—2)=2—-1=1.
z—1~ z—1~ z—1+ z—1t

Since these one-sided limits disagree, lirq h(z) does not exist, so h is discontinuous at 1.
T—

Exercise. For what value of A is the following f continuous for all z?

Ax +5, r <1,
flz) =9 ,
¥ —=3x+4, x>1.

25



A=-5 A=-3 A=—1

The picture above shows three different values of A: for A = —5 or A = —1 the graph jumps
at x = 1, while for A = —3 the two pieces meet. f is already continuous for x < 1 and for
x>1. Asforx =1,

lim (Az +5) = A+ 5, lim (2> —3r+4)=1>-3-14+4=2.

z—1— z—1+

For f to be continuous at 1, these must agree: A +5 =2 s0 A= —3.

Continuity on a closed interval

For a function f defined on [a,b], f is continuous on |[a, b] if it is continuous at each point of
(a,b) and
fla) = lim f(z),  f(b)= lim f().

T—a™t T—b—

Example.

f(z) = on (—2,3).

26



f is a rational function, so it is continuous on (—2,3), but f is not continuous on [—2, 3]:

f(3) is not defined, and in fact
. x+2
lim =
a—3~ T — 3

—OQ.

Intermediate value theorem

Let f be a continuous function on [a, b], and let L be a number between f(a) and f(b), that
is,

fla) <L < f(b) if fla) < f(b),  f(b) <L < fla) if f(b) < f(a).
Then there is ¢ € (a, b) such that f(c) = L.

This is because the graph of f is “connected”: it rises from f(a) to f(b), so at some point
¢ it must cross the height L. If you pour water into a bottle, at some point the level of the
water reaches every height between the bottom and the top of the bottle.

27



Example. For y > 0, there is > 0 such that 22 = v.
Indeed, let b = y + 1. The function f(x) = x? is continuous on [0,b], and

fO)=0<y<(y+1)°=f(b).

By the intermediate value theorem, there is x € (0,b) such that 2* =y, that is, z = VY-

Exercise. Show that the equation

P —r—-1=0

has a solution ¢ with 1 < ¢ < 2.

Solution. Let f(z) =23 —x — 1. Since f is a polynomial, it is continuous on [1,2].
F)=1-1-1=-1<0, f(2)=8-2—1=55>0.

So f(1)

< 0 < f(2). By the intermediate value theorem (with L = 0), there is ¢ € (1,2) such
that f(c) =

0, that is,
A—c—1=0.

2026.09.23: Exercises on limits and functions

Exercises: determine the domain of the function

1. flx)=+1—-x

2. f(z) = Va2 — bx + 4 (Solve the inequality 2 — 5z +4 > 0. This amounts to first solve
r? —5x+4 = 0, factorize the left-hand side (z —1)(z —4) > 0, use the fact that AB >0
if A>0ANB>0o0or A<O0AB <0. The solution is x < 1 or z > 4. Correspondingly,

this is the part of the z-axis where 22 — 5z + 4 is above the z-axis.)
1

HIO e
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Linear functions

f(z) =ax + 0.

Exercises.

1. Find a linear function whose graph passes through (2, —3) and (0, 4).
2. Find a linear function whose graph passes through (—2,2) and (2, 5).
3. Determine the x- and y-intercepts of

I

y = 3x — 6, y:%x+5, =22 -3z +2, y =1 — .

4. Find a linear function with slope —% whose graph passes through (5, —2).
5. A manufacturer’s total cost consists of a fixed overhead of $5,000 plus production costs
of $60 per unit. Write the total cost as a function of the number of units.

Exercises: determine the limit

1. lim (3352 — Br + 2)

r—2

2. lim(z — 1)*(z + 1)

r—3

1
3. lim *F

10. lim

11. lim

29



Y
12. lim ———
a:—1>—oo —z243

Power function

For x > 0, the equation \/x = y is equivalent to # = y?. Therefore the graph of f(z) = \/z
is obtained by reflecting the graph of g(x) = 2? along the line y = .

The graph of f(z) =/ is connected, so y/z is continuous.

Similarly, we can define )
V/x =13 (cubic root),

and more generally the power function x® for real a. They are continuous on [0, o).

2026.09.24: Exponential functions

Powers with a rational exponent

Let us recall that, for a number =z,

and hence, for example,
2)3 — xﬁ)

b

and more generally 2%z = 2%** and (2%)® = 2% for positive integers a and b.

2

Moreover, for z > 0 we saw that there is the square root \/x, with (y/z)” = z. We write

\/5:;1;%

2
because = z! = (w%> . Similarly, the n-th root is denoted by T
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In general, for a rational number £ (such as 3, 3), we write

2
€Tra

= (:c%)p = (xp)% )

For a negative exponent —75’ we define, still for x > 0,

7 = —, and 20 = 1.
Td
Examples.
) 3 1 1 1 1 1
\/_ 5 4% (4%)3 23 87 9

The exponential function

Now let a > 0 be constant. We can consider the function
f(z) = a",

first defined for rational numbers z, but we can define a® for all real numbers x by continuity.

x‘—2—10123

2(2

T
-1 2 4 8
2

1
4

Exponential rules

Let a > 0,b> 0 and x,y € R (real numbers). Then
o if b# 1, then v* = Y if and only if x = y;
o LUV = b1,
=0
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=
o (ab)® = a™b";

(o) ==
b) b

Examples.
23
2.3¥=3=u3 () =206  =27=

Properties of exponential functions

Let b> 0, b # 1.

o f(z) = b" is continuous, and b* > 0;

o B0 =1;

o if b > 1, then 0" is increasing: if x < y, then b* < bY;

o if 0 <b <1, then b* is decreasing: if z < y, then 0* > bY.

Moreover, for b > 1,

lim " = oo, lim b* = 0.
T—00 Tr—r—00

Examples from the real world
Population
Let P(z) be the population at the year x, and assume
P(2026) = 8.3 (billion),
with a growth rate of 0.84% (assume it is constant). Then
P(2027) = 8.3-1.0084,  P(2028) = 8.3-1.0084,

and in general

P(z) = 8.3 - 1.0084 72026,

Radioactivity

Caesium-137 is radioactive. Each atom of Cs-137 decays into Ba-137 by emitting an electron,
with some probability. If there are X atoms, after 30 years half of them have decayed. So

o-x-(3)°

is the number of Cs-137 atoms after ¢ years.
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Interest on an investment

If you have an amount of money P in your bank account for investment, with an interest
rate r per year, then next year you have

B=P(1+r).

After ¢ years,
B(t) = P(1+ 7).

Instead of annual interest, let us see what happens if we compound the interest monthly,
P\ 12t
P (1 + > ,
12

P 365t
Pll+ — .
( +365>

or daily,

Napier’s number

What is the limit
. 1\"
lim (1 + ) ?
n—oo n

n ‘ 10 100 1000

2.5937 2.7048 2.7169

The limit is 1\n
lim (1+) =e=271828...,
n

n—oo

called Napier’s number.

Using Napier’s number, we have

r nt
lim P (1 + ) — Pe'.
n

n—oo

Exponential vs polynomial

Recall that
(a+0b)* = a® + 2ab + b7, (a+0b)* = a® + 3ab + 3ab® + b*.
Expanding (1 4 1)™ in the same way,

—1
2n2(1+1)":1+n+n(n2 .
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so, for n > 2,

no n - n B 2
2n_1+n+n(n2—l)+'” n(n2—1) _n_l’
and hence
omn
lim — = 0.
n—oo 2N

In general, for m > 0 and a > 1,

xm

lim — = 0.
r—o0 T

Exercises

1. Simplify 275 and (32)%
2. Find z such that 4%*~! = 16.
3. Find z such that 37 - 22 = 144.

2026.09.28: Logarithm

Suppose you invest 1000 euro with an annual interest rate of 8%. After one year you will
have 1000 - 1.08 = 1080. How many years must pass before your investment doubles? That
is, we look for x such that

1000 - 1.08* = 2000.
What is 7?7

Definition

For b> 0, b# 1, and x > 0, we define log, x to be the number such that

P = g

That is,
y =log,x if and only if 0¥ = .

Examples.
1
1 1 = 1 2= logs — = -3
0g, 1000 = 3, 08y 3 D, 0g;s 195 ,

1

| — = —=
0g42

2
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Logarithmic rules

Let b >0, b# 1, and let u,v > 0. Then

e log,1 =0 and log, b = 1;

o log,u = log, v if and only if u = v (because b* = b¥ if and only if x = y);
o log,(uv) = log, u + log, v (because b*b¥ = b**V);

o log, (u") = rlog, u;

« log, u) = log, u — log, v.
v

For example,
blogb (uv) blogb u blogb v blogb u+logy v
= uv = . = ,

blogb(uT) — = (blogb u)r — brlogbu'

Examples. Write the following in terms of log,, 3 = 0.477... and log,,2 = 0.301.. .:

10
logy, EN log 10 —log;u3 = 1 —logy 3,

logyo 8 = logy (23) = 3logy 2,
log,0 36 = log;o (2 - 3%) = 2log;2 + 2log, 3.

Graph of the logarithmic function

Recall that y = log, x if and only if 0¥ = z. For a given x > 0 there is such a y, by the
intermediate value theorem. The graph of y = log, x is obtained by reflecting the graph of
y = b” along the line y = x.

The case b > 1 is drawn above. For 0 < b < 1 the logarithm is decreasing:
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b>1

0<b1l

Properties of a logarithmic function

Let b > 0, b # 1. The function f(z) = log, x, defined for x > 0, satisfies the following.

It is continuous for all z > 0.

If b > 1, then lim, .o+ log, * = —o0, it is increasing, and lim,_,, log, x = oco.

If 0 < b < 1, then lim, ,o+ log, * = oo, it is decreasing, and lim,_, log, x = —o0.
The x-intercept is (1,0); there is no y-intercept.

When b =e = 2.71828. .., the logarithm log, x = Inz is called the natural logarithm.

Inversion and conversion formulas

b8 ” = g (the definition), log, (%) = .

Conversion formula.

Indeed,

logy, « .
aloga T _ o= blogb T _ (aloga b) — aloga b-logy, x’

so log, z = log, b - log, x.

Examples from the real world
Interest on an investment

If you invest 1000 euro with an 8% annual interest rate, after x years you will have
f(z) = 1000 - (1.08)".
When will you have 2000 euro?
In2

2000 = 1000 - (1.08)" 2 = 1.08" = log ;82 = ——— = 9.006. ..
000 = 1000 - (1.08)" = 08" = =log gs2= ;7 g = 9006

that is, about 9 years.
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Carbon dating

In the air there are the isotopes C-14, which is radioactive, and C-12, which is stable. In a
living plant their ratio is a constant Ry, but when the plant dies the ratio starts to decay

exponentially, as
1\ 7%
Ro-(3)"

where the half-life of C-14 is 5730 years. This is the same form as the Cs-137 example above;
note that .
1\ 5730 t
B -
2

If the ratio of C-14 to C-12 in a fossil is %, then that plant died ¢ years ago, where

Ry

t
5= Ry - 2_57%, hence —logy b =

- 5730°

and therefore

In5
t:5730-log25=5730-1n—2 — 13304.6.. .,
n

that is, about 13 300 years.

Exercise

If the population grows as
P(r) = 8.3-1.0084%20%

(the model of the lesson of 09.24), when will it be 10 billion?

2026.09.29: Trigonometric functions, various limits

Angles and radians

Consider angles. Usually we measure them in degrees, from 0° to 360° (one rotation). We
can also consider more than 360° (more than one rotation), or negative angles.

A0 \Q 90° 45°

More than one rotation, and a negative angle:
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420°

—50°

We use the radian to measure angles: it is the length of the arc that the angle cuts out on
the circle of radius 1. The conversion is

degrees  radians
180 o7

arc length = 6

so that

360° = 2, 60° 45° = T=314...

Y

AN

Sine and cosine
For an angle # measured in radians, consider the point of the circle of radius 1 obtained

from (1,0) by rotating counterclockwise by 6 (clockwise, if # < 0). We define = cosf and
y = sin # to be the coordinates of that point.

Sin 0 ............ »
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Examples.

cos0 =1, Cosg:O, cosm = —1,
. . ™ .
sin0 = 0, sm§:1, sin = 0.

As 360° = 27 is one rotation, cos and sin 6 are periodic:

cos(f + 2m) = cos b, sin(f + 2m) = sin 6.

Other properties:
cos(—0) = cos b, sin(—f) = —sin#,

and
(cos0)® + (sinf)* =1,

by the Pythagorean theorem.

|
—
SE
w
<
(e

Comparing the two graphs, the cosine is the sine shifted to the left by 7:

cos f = sin (0 + W) .
2
Some values

sin 6

cos @
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T V3 T 1 s 1

COS — = — CcOS — = —— COS — = —

6 27 4 V2’ 3 2’
o Lo 1 ST V3

sin — = — sin— = — sin— = —.
6 ’ 4 2 3 2

Sometimes one uses )
sin 6

tan @ = .
cos

Some formulas:
sin(A + B) = sin A cos B + cos A sin B,

cos(A + B) = cos Acos B — sin Asin B.
The formula for sin(A + B) can be read off the following picture, where OP = 1, the angle
POQ is B and the angle QOx is A, so that OQ) = cos B and QP = sin B. The height of P is

sin(A + B), and it is the sum of the height of (), which is sin A cos B, and of the remaining
piece T'P, which is cos Asin B.

sin

Various limits

In general, if lim, . f(x) = L and ¢ is continuous at L, then

lim g(f()) = g(L).

r—cC

The continuity of g cannot be dropped: if f(x) = 0 for all x and g(y) = 1 for y # 0 while
g(0) =0, then lim, o g(y) = 1, but g(f(z)) = 0 for all .

First, we have

In(1 1)*
lim In1 +2) = lim In ((1 —|—x)%) = lim In <<1+ ) ) =lne=1
z—0t x z—0t y—ro0 Y

40



In(1+42x)
x

Actually lim,_,q- =1 as well, so

lim In(1+ )
z—0 x

= 1.

Next, putting e® — 1 =y, that is e* = 1 4 y, that is x = In(1 + y), we get

e’ —1 ) Y
=lim—— =1
=0 y—=01In(1 + y)

Recall from the lesson of 09.24 that lim, ,., % = 0. With z = e™¥, where y — +o0,

lim zlnz = lim e ¥ -In (e*y) = lim — =0.
r—0t Yy——+00 y—oo e¥
With x = €Y,
Inx In e¥
lim — = lim =lim = =0
T—00 o y—oo  eY y—oo e¥Y
Finally,
. sinz
lim =1.
z—0

Indeed, on the circle of radius 1 the angle x is the length of the arc, while sin x is the length
of the vertical segment below its endpoint. When z is small, the two are almost the same.

sinf |\ arc =0

1
Exercises.
. L . 2_
lim In (1 + $2) , lim sin(7 — z), lim e 1,
z—0 T z—1
sin 3x e -1 . In(1+5z)
im , lim , lim ————=.
z—0 x z—0 €T z—0 €T

2026.09.30: Derivative

The slope of a segment

Recall the linear functions f(z) = ax + b. Here a is the slope of the graph: as x increases by
1, f increases by a.
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8

For a general function f(z), we can take two points on the graph and calculate the slope
between them. If (xy, f(z1)) and (2, f(x2)) are such points, then the slope of the segment
joining them is

flae) = fla1)

To — T

Example. Assume that a car is moving on a straight road, and that at time z it is f(z)
kilometers away. The average velocity between time x; and time x5 is

flas) = flwn)

What is the velocity at a single moment?

The derivative

The derivative of a function f at zq is the limit
i £ (@0 + h})L — f(330)’

h—0

if it exists. If this limit exists, we denote it by

af
dr|, ~

0

I (o), or

In the example above, the velocity of the car at the single moment xq is f’(zo).
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Example. For f(z) =22+ 1 and 29 € R,

, o @R+ +1) = (2uo+1) o 2
fo) = Jim h = T lm2=2

Example. For f(z) =22 and 7y € R,

(xo+h)? —axt . x2+2x0h+ h* — 22
= lim
h—0 h h—0 h

= lim (229 + h) = 2a0.

Recall that
f(xo+h)— f(xo)  flwo+h)— f(xo)

h N (.To + h) — X
was the slope of the segment between (zg, f(xo)) and (zo + h, f(xg + h)). As h becomes
smaller, these segments (dashed in the picture) approach a limit position: the line tangent
to the graph at (zo, f(x¢)), whose slope is f'(zo).

tangent

iy x
If f'(x) exists for all z in the domain, then f'(x) is a new function, called the derivative of f.

Rules of the derivative

Let f and g have derivatives at xy. Then they are continuous at xy: indeed

=0- f/(.ilﬁo) =0.
By the rules of limits,

f(xo+h) + g(zo +h) — f(x0) — g(x0)
h
o fl@oth) = f(xo) . g(wo+h) — g(wo)
= h + i h
= ['(z0) + g (o).

(f +9)'(xo) = lim
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For the product,

f(xo+h)g(xo+ h) — f(x0)g(x0)
h
— lim f(zo +h)g(zo + h) — f(zo)g(xg + h)

(- 9)'(wo) = lim

h—0 h h—0 h

= f'(w0)g(zo) + f(x0)g (o)

For the quotient, assuming that g(zq) # 0,

<f)' =y (L) _

)
g =0 h \ g(zo+h)  g(zo)
:hmf(l‘oJrh)( 0) — f(z0)g(z0)

) L fla + Bg(eo) — Flzo)g(ao + h)

h—0 hg(xo)g(zo+ h) - ’111—>0 h g(zo + h)g(o)
_ J'(w0)g(z0) — f(20)g' (20)
9(70)? '

Examples. Writing 2® = 22 - x,

(x?’)/: <x2>,-x—|—x2-(x)’:2x-3:+x2-1:3x2,

and writing z* = 23 - 2,

(xA‘), = (:cg)/-x—l—x?’ (z) =32 w+2° 1= 42"

In general,

(2") = na"t.

Further examples: for f(x) = A constant,

A-A
/
fe) = iy = — =0

and hence for f(z) = Ag(x),
f'(@) = Alg(z) + Ag'(x) = Ag' ().

Therefore .
(5x2—3x+2) =5.20—3-1+0=10z — 3.
1
FOI"f(.T):;,
O-z—1-1 1
f/(x):T:—ﬁ,
x? =2
d f
and for f(x) 1
£(x) 20(x+1)— (22 =2)-1 222 +2x—22+2 22420 +2
) = = =

(r+1)2 N (r+1)2 (x4 1)2
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Not all functions are differentiable

For f(x) = |z| at 0,

__|h[-0 . h __|h[=0 . —h
hli%l+ ho hlg(I)lJr ho L hlir(r]{ ho hli()* h L
so the two one-sided limits differ and f’(0) does not exist.
Y
y = ||
T
For f(z) = +/x at 0,
R e v/ R |
lim —— = lim — = lim — = o0,
h—0+ h h—0t h h—0+ \/E
so again f’(0) does not exist: the tangent line is vertical.
Y
y=z
x
2026.10.01: Derivatives and the chain rule
We defined the derivative of a function f at xq by
_ flzo+h) = flwo)
A h = f{@o).
Example. Let f(z) =" and 275 € R. We know that lim, 6%1 =1, so
eToth _ oo ero <€h — 1)
. T _ o
W, S “
That is,
(e®) = e
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Example.

Let f(x) = Inz and xy > 0. We know that lim, o ln(l;jx) = 1, so, writing
I h
W=,
. In(zg+h)—Ilnz, . In (‘T%h) . In (1‘1‘%) . In(1+4+7n) 1
lim =lim ——= =lim ————* = lim ——+~ = —.
h—0 h h—0 h h—0 L. =0 B - xg To
zo
That is,
1
Inz) = ~.
oy =
Example.

Let f(z) = sinz. Recall that

sin(A 4+ B) = sin A cos B 4 cos Asin B,

sin(A — B) = sin A cos(—B) + cos Asin(—B) = sin A cos B — cos Asin B,
and hence

sin(A+ B) —sin(A — B) = 2cos Asin B.
TakingA:x0+% andB:%, so that ro +h=A+ B and xg = A — B,

. sin(zg + h) — sinxg
lim
h—0

2 cos (xo + %) sin 2 ‘n bk
= lim 2
h h—0 h

2 n h\ sing
= lim cos | 7o + 2 % = CO0S T,
where in the last step we used lim,_.q % =1 with u = % That is,

(sinz)" = cosx.
Example.

Let f(x) = cosz. We have

cos(A + B) — cos(A — B)
hence, in the same way,

= —2sin Asin B,
_ —2sin (o + %) sin 2
cos(zg+ h) —cosxzy . 07T 3 2 .
m = lim = —sin z.
h—0 h h—0 h
That is,
(cosz) = —sinz.

The chain rule

Let f and g be differentiable, and recall the composed function f(g(x)). Writing A’ =
g(zo + h) — g(xo),

L lgro 4 )~ flole)) | flaleo+h) — flgla)) gl + 1)~ glxo)

h—0 h =0 g(zo+h) — g(x0) h
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That is,

Examples. With f(z) = e* and g(z) = 22, so that e** = f(g()),
(6”2)/ =" 2.
With f(z) = sinz and g(z) = €, so that sin (e*) = f(g(z)),
(sin (e%))" = cos (e*) - €”.
Let @ € R and = > 0. Then

o= ()" e = f(ga)), @) =" glo) = alnz,

so that

/ (6% (0
/

We saw this already for a € N. For example,
/ 1\/ 1 1 1 1 1
= 2 = 2 = — 2 = —

With f(z) =+/z and g(z) =z — 1,

and with f(z) = 23 and g(z) = 2? + 3z + 1,
3\’ 2
<<x2+3x+1)> =3 (2 +3z+1) - (20 +3).

In the same way we can differentiate the exponential and the logarithm in any base.
a > 0 we write a® = e*™™%, so

(a®) =e"™% . Ina=a"Ina,

and, by the conversion formula log, z = 11?1—”; of the lesson of 09.28 (here b > 0, b # 1),

I 1 r_ 1
(logy ) = Inb (Inz)"= zlnb

For a = e and b = e we recover (e”)' = €” and (Inz)’ = 1.
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Summary

/()

valid for

A (constant)

together with the rules

(f+9) =1+,

0 all z

az® ! | >0 (all z, if « € N)
x>0

all z

Tlna | all z (here a > 0)

x>0
1
e x>0 (here b >0,b# 1)
CcoS T all x
—sinzx | all
f /
(fg9)' = fg+fd, (g) =

The derivative and the behaviour of the function

Recall that f’(zx) is the slope of the tangent line at (z, f(x)). If f’(x) > 0, the tangent points

upwards; if f/(x) < 0, it points downwards.

If f'(x) > 0 on an interval, say (a,b), then f is increasing there: for z1,zo € (a,b) with
x1 < T, it holds that f(x;) < f(z2). If f'(x) < 0 on an interval (a,b), then f is decreasing

there.

Example.

increasing, and f’(z) < 0 on (—o00,0), where f is decreasing.

48
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decreasing increasing

2026.10.05: Applications of the derivative

Increasing and decreasing functions

Let f be a function on a domain A and I be an interval in A. We write z € I to say that z
is in 1. We say that

o fis increasing in I if, for any pair xq, 29 € I with 21 < x9, it holds that f(x1) < f(x2).
o fis decreasing in I if, for any pair x1, x5 € I with z; < x4, it holds that f(x1) > f(x2).

Example. f(x) =22 on R is increasing on [0, 00) and decreasing on (—o0, 0].

Assume now that A is an interval (a,b), and recall that f’(z) is the slope of the tangent line
at (x, f(x)). Assume that f is differentiable at every z € (a,b). Then

o if f/(z) > 0 for all z € (a,b), then f is increasing on (a, b);
o if f/(x) < 0 for all x € (a,b), then f is decreasing on (a, b).

Example. For f(z) = 2® — 3z we have f'(z) = 3z*> — 3, so

fl(z) >0 <= 3<x2—1)>0 — z<-1or z>1,

flz) <0 3<x2—1)<0 = -l<z<l.

Hence f is increasing on (—oo, —1) and on (1, 00), and decreasing on (—1,1).
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Relative extrema and critical points

We say that

o f has a relative minimum at xq if f is decreasing slightly before xy and increasing
slightly after x.

o f has a relative mazrimum at xq if f is increasing slightly before xy and decreasing
slightly after xg.

In other words, a relative minimum is a valley and a relative maximum is a peak.

If zy is a relative minimum, then f(xy) < f(z) for = close to xy; for a relative maximum,
f(xg) > f(x) for x close to x.

If f is differentiable at zy and has a relative minimum or maximum there, then the tangent
line at (xo, f(z0)) is horizontal, so f'(zq) = 0.

We say that x is a critical point of f if f'(xq) = 0. The discussion above says: if f is
differentiable at zy and has a relative minimum or maximum there, then zy is a critical
point. So, if f is differentiable, the critical points are the candidates for relative minima and
maxima (relative extrema).

Example. For f(z) = 2® — 3z we have f'(z) = 3z% — 3. To find the critical points we set

f'(zo) =325 —3=0, so  xp==+l.

Saddle points

Not all critical points are relative extrema. For example, f(z) = 23 has f'(x) = 32% and
f(0) =0, but 23 <0 if x < 0 and 23 > 0 if x > 0, so 0 is neither a relative minimum nor a
relative maximum.

If f'(xo) = 0 but xg is neither a relative minimum nor a relative maximum, then xq is called
a saddle point of f.
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To decide whether a critical point x( is a relative extremum or a saddle point, we can look
at the sign of the derivative:

o if f'(x) < 0 before zy and f'(z) > 0 after xq, then z¢ is a relative minimum;

o if f’(z) > 0 before zp and f'(x) < 0 after o, then z( is a relative maximum.
Example. Let f(z) = 2z' — 422 + 3, so that f’(x) = 82> — 8x. The critical points satisfy

f(w0) = 83 — 81 = 8x¢(wg — 1)(29 + 1) = 0, SO xo = —1, 0, 1.

Moreover f'(x) < 0 for z < —1, f'(z) > 0 for =1 < 2 < 0, f'(x) < 0 for 0 < x < 1 and
f'(x) >0 for x > 1. We can summarise this in a table:

x ‘ —1 0 1
f(x)]— 0 4+ 0 — 0 +
fl@) | 1 743 N1
Hence zg = —1 and xy = 1 are relative minima, and xo = 0 is a relative maximum.
Yy
Yy = 20t — 422 + 3
3
1 4
1 N

Asymptotes

o If lim, .+ |f(z)] = o0 or lim, . |f(z)] = oo, that is, the graph of f goes up or down
without bound as x approaches ¢ from at least one side, we say that x = ¢ is a vertical
asymptote of f. For f(z) = %, the line x = 0 is a vertical asymptote.

o If lim, .o f(x) = L or lim,, o f(z) = L, the graph of f approaches the horizontal
line at height L, and we say that y = L is a horizontal asymptote. For f(x) = 1, the

B
line y = 0 is a horizontal asymptote.
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o It may happen that the graph of f approaches a line y = ax + b, called an oblique
asymptote. We can compute

(=)

2
Example. For f(z) = T e have
lim@:hm ’ =1, lim (f(x) —x) = lim ’ =1,

so y = x + 1 is an oblique asymptote.
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2026.10.06: Higher derivatives

Convexity and concavity

Let (a,b) be contained in the domain of f. The graph of f is said to be convex on (a,b) if,
for any pair 21 < x9 in (a, b), the graph of f between x; and x5 lies below the segment joining
(x1, f(z1)) and (x9, f(x2)), and concave if it lies above that segment.

convex (concave up) concave (concave down)

Assume that f is differentiable on (a,b). If the graph of f is convex, then the slope f'(z)
increases on (a,b). So we study whether f’ is increasing or decreasing.
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The second derivative

Assume that f'(x) exists for x € (a,b) and that f’ is again differentiable. The derivative of
f" is called the second derivative and is denoted by

> f
"(x), or —.
(@) —
In the same way we can consider the third, fourth, ... derivatives.

Examples. For f(z) = 2* we have f/(z) = 2z and f”(z) = 2 > 0, so the graph of z? is

Cconvex.
For f(z) = 23 we have f'(x) = 32? and f"(x) = 6z, so
f"(z) >0 <= x>0 (convex), f"(z) <0 <= 2 <0 (concave).
Y

convex ;y = x>

concave

A point where the graph changes from being concave to convex (or vice versa) is called a point
of inflection. For f(x) = 3, the point # = 0 is a point of inflection. Since also f’(0) = 0, it
is the saddle point of 23 that we saw before: a point of inflection with a horizontal tangent
line.

The second derivative and critical points

Assume that f” exists on (a,b) and that zy € (a,b) is a critical point of f, so that f'(x¢) = 0.

If ¢ is a relative minimum, then f decreases slightly before xy and increases slightly after xg,
so f'(x) < 0 slightly before xg and f’(z) > 0 slightly after zq: that is, f’ must be increasing
around xo. Similarly, if xy is a relative maximum, then f’ must be decreasing around x.
Conversely, if f”(xg) > 0, then f’ is increasing around x¢; since f'(xo) = 0, we get f'(z) <0
slightly before zq and f’(z) > 0 slightly after zy, so xy is a relative minimum. The case
f"(z0) < 0 is similar. Hence

f"(x0) >0 = g is a relative minimum,

f"(x0) <0 = x0 is a relative maximum.
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If f"(x¢) = 0, this test says nothing.

Example. Let f(z) = z* — 3z, so f/'(r) = 3z%> — 3. The critical points satisfy f'(zg) =
3(x3 —1) =0, s0 xy = +1. As f"(z) = 6z,

F'1)=6>0, f'(-1)=-6<0,

so xg = 1 is a relative minimum and zy = —1 is a relative maximum.

Curve sketching

Using all the tools above, we can sketch the graph of a function.

1.

i3

Find the domain of f, and the points of discontinuity and of non-differentiability.

2. Find the y-intercept and the z-intercepts.
3.
4. Compute f’(x) and find the critical points, f’(z¢) = 0. Compute f(xy). Study the sign

Find the asymptotes (vertical, horizontal, oblique).

of f'(x) to find where f is increasing and where it is decreasing.

Classify the critical points into relative minima, maxima and saddle points, using the
sign of f'(z), or f"(xo) when f"(zo) # 0.

(optional) Study f”(x) and the convexity and concavity.

Draw the graph.

Example. Let

x
AN
. Domain: x # —1. There f is continuous and differentiable.
y-intercept: f(0) = 0. z-intercept: iz =0 if and only if z = 0.
Climg ﬁ = —00, so x = —1 is a vertical asymptote. Moreover
x x
lim ——— =0 lim — Y —0
2o (z 112 asms(z 12

so y = 0 is a horizontal asymptote.
We compute
(z+1)?—z-2@x+1) —a?+1

fw) = (x + 1)t CES

The critical points satisfy

—z2+1

Foo = G

=0, SO ro = *1,
but —1 is not in the domain. Moreover f(1) =

1
I
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5. (The second derivative would be long.) In f’(x) the denominator is positive, so f'(x)
has the same sign as —2? + 1: f'(z) < 0 for x < —1, f'(x) > 0 for =1 < z < 1 and
f'(x) < 0 for x > 1. Hence f is decreasing on (—oo,—1), increasing on (—1,1) and
decreasing on (1,00), and zg = 1 is a relative maximum.

2026.10.07: Exercises, absolute extrema

A curve sketching exercise

Let 22
x
fla) = 2+ 2x — 15

1. Domain: we need

22 4+2r—15#0 < (z+5)(z—3)#0 < x# -5, 3.

2. y-intercept: f(0) = 0. z-intercept: %;15 = 0 if and only if x = 0.

3. Asymptotes. There are vertical asymptotes at + = —5 and x = 3, as there the denom-
inator tends to 0 while the numerator remains nonzero. For the horizontal ones,

_ 32 , 32
hm —_—_— = 3 = hm _
v—=00 p2 + 21 — 15 o——oc0 12 4+ 22 — 15
so y = 3 is a horizontal asymptote. There is no oblique asymptote.
4. We compute

() 6z (2% + 2z — 15) — 322 (2z + 2) 622 — 90z
T) = = .
(22 4 22 — 15)° (22 4 22 — 15)°
The critical points satisfy
622 — 90
Fllag) = ——0 7T () s g (29— 15) = 0 <= x0 =0, 15,

(22 + 220 — 15)°
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and
3152 675 45

T 152+2-15—15 240 16

f(0)=0,  f(15)

5. As the denominator is positive,
fl() >0 < 62°—90r >0 < <0 (v+#-5) or x> 15,

and f'(x) <0 for 0 < z < 15 (excluding x = 3).

r | 5 0 3 15
f’(m)+‘+0—’—0+
f@ A N N S

Hence zy = 0 is a relative maximum and xy = 15 is a relative minimum.

Example. Let f(z) = 2z* —42?+ 3. Classify the critical points. We have f’(z) = 8z® — 8,
SO
fl(zo) =823 — 819 =0 <= x9=-1, 0, 1,

and f”(x) = 242* — 8, so
F(-1)=16>0, f'(0)=-8<0, f'(1)=16> 0.

Hence o = —1 and zy = 1 are relative minima, and xy = 0 is a relative maximum. This
agrees with what we found on 2026.10.05 using the sign of f’.

Absolute extrema

Let f be a function defined on a domain I. We say that f has an absolute mazximum at c € I
if f(c) > f(x) for all x € I, and an absolute minimum at c if f(c) < f(z) for all x € I.
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Instead, f has a relative mazimum at ¢ € I if f(c) > f(z) for x close to ¢, and a relative
minimum if f(c) < f(z) for x close to c.

Relative maxima and minima can be absolute maxima and minima, but need not be. Absolute
maxima and minima depend on the domain.

Examples. For f(z) = z? on [—1,1], the absolute maximum 1 is taken at —1 and at 1.
On [—2,2], the absolute maximum 4 is taken at —2 and at 2. In both cases the absolute
minimum 0 is taken at 0.

—1 1 z -2 2

For f(x) = 2* — 3z on [—3, 3], the points g = —1 and x5 = 1 are a relative maximum and
a relative minimum, but the absolute maximum and the absolute minimum are taken at 3

and —3, with f(3) = 18 and f(—3) = —18.

abs. max

abs. min

Application: marginal analysis

In economics, the derivative is used to analyse the change in a quantity that results from a
one-unit (small) increase in production.
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If C'(x) is the total cost of producing = units of a commodity, then the marginal cost at the
production level xq is C'(x). It approximates the cost C(xg + 1) — C(x() of producing one
more unit: since

C(xo+ h) — C(xo)
h
for small h, taking h = 1, which is small compared with xg, gives C'(zo+1) —C(xq) =~ C'(x9).
Analogously, if R(x) is the revenue from producing x units, the marginal revenue is R'(x).
One wants to find the maximum of the profit R(z) — C(z).

~ C/(ZL'())

Example. A manufacturer produces = units of a commodity at the cost

1
C(z) = gxz + 3z + 98 euro,

and the price is p(z) = 5(75 — x) euro per unit, for 0 < 2 < 75. The revenue is then z p(z),
so the profit is

P(z) =xp(x) — C(z).

What is the value of z which maximises the profit? We compute

1 r 1
Px)==(15—2)— = — = 3
(z) 3(75 z) 5 5%
so P'(xg) = 0 gives
ve o o 11 12
Sty T3 370 1 T
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