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References

@ We follow Mathematics in Lean, Chapter 4.

@ Make sure to install Lean, Git and to clone the repository (follow
this link) (or use a desktop app).
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https://leanprover-community.github.io/mathematics_in_lean/index.html
https://leanprover-community.github.io/install/project.html#working-on-an-existing-project

Operations about sets

To prove an inclusion of sets, we can start with intro.

import Mathlib
variable (X : Type*) (s : Set X)
example : s C s := by

intro x hx

exact hx

@ This works because internally s C tisdefinedasV x, x € s — x

c t.
@ It is also useful to remember that
e x € s N tisdefinedtobex € s A x € t and we can use .left,

.right or the tactic constructor
e Xx € s U tisdefinedtobex € s V x € t and we can use the

tactic cases or the tactic left, right
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Operations about sets

To prove an equality of sets, we can start with ext.

import Mathlib
variable (X : Typex) (s t : Set X)
example (hst : s C t) (hts : t C s) : s =1t := by
ext x
constructor
intro h
exact hst h
intro h
exact hts h

@ This works because internally s = t is defined as an equality of
functions, where s : X — Prop.

@ P < Q can be proved using constructor.

olfh : P« Q, thenh.mp : P — Qandh.mpr : Q — P (mp
stands for modus ponens).
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Operations about sets

The set difference x € s \ tisdefinedasx € s A x ¢ t,andx ¢ t
means © x € t.

import Mathlib
variable (X : Type*) (s t : Set X)
example : (s \ t) Ut C s Ut :=Dby
intro x hx
rcases hx with h | h
left
exact h.1
- right
exact h

link

@ It is useful to remember that — p is defined to be p — False.
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOBuSUwSW6ApnABQAacAXHACoCeY5AVAJTUDOc8RgGVy8GlzzkAHknAUGfOAB0BPQFREAuIDCiOPw2CAvHCwsccOMAB2MKBDhS4qKWbhQAxkl7l+TuAHdgNEc4AB9HFwB2uAoAMxgXc2kkN3hUADoARkjXYABzVHjzRJkU8KA

Sets by specification

For X : Type and a predicate p : X — Prop, we can define the set of
elements satisfyingpby { x : X | p x }.

import Mathlib
def evens : Set N :=
{n | Even n }

link
@ Here, Even : N — Propisdefinedbyd (r : N), a=r + r,
link
o (actually it is defined not only for N, but any type with addition +.
Note [Add al)
@ The whole set is called Set.univ X, definedas { x : X | True}

@ The empty set () is defined as { x : X | False}
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOAmApgGZyEBuhAdgM5wBccAyofIKiEDAvDnHAN5wqcAD5wAopSFCAvkA
https://leanprover-community.github.io/mathlib4_docs/Mathlib/Algebra/Group/Even.html#Even

Indexed sets

In Lean, an indexed sets in X with the index type I can be realized as a
functionX : I — Set X.

Indexed union and indexed intersection are denoted by |J i, X i and
i, X i, respectively. In mathlib, they are called iUnion, iInter.

import Mathlib
variable {X I : Typex} (A B : I — Set X) (s : Set X)
example : (sN Ui, Ai) =J i, AinN s :=by

ext x

simp only [Set.mem inter iff, Set.mem iUnion]

constructor

- rintro {(xs, (i, xAi))

exact (i, xAi, xs)
rintro i, xAi, xs)
exact {(xs, (i, xAi))

link
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQA3JKYJLdAUzgG8ANOASTgC44AVATzDICoBfOACgCCcAEJN6cQEmEcAMpl41AJQCAzuLkLFOHGQAeScOXH81gSiI4gYaI4wADRxhwZQF5L1uw7jm1jF1jY44OD14XQC4FVAwOAgAO3Q2OABtDQA6EDIQAH1gGJgyKGyAM0K7VPSs4ABVGOBYgF0wgGNYlRgoAFdGmGgwgHa4IlyoCDhAC/JdFTtR2zhdQWBAS/IFsMC9JC6xmbmtlWXAwbaR6bttk92wtY3xyc2T+aWgA

Indexed sets

If we want to take a bounded union/intersection (over a subset s), one
canwrite|J i € s, X iand() i € s, X i, respectively. In mathlib,
they are called iUniony, ilnters;.

import Mathlib
def primes : Set N :=
{ x | Nat.Prime x }
example : (Jp € primes, { x | p"2 | x}) ={ x| I p€
primes, p" 2 | x } := by
ext
rw [Set.mem_iUnion,]
simp

link
@ Here simp applies lemmas (theorems) marked with @[simp].

@ There many such simp lemmas. It is useful just to try simp in a
proof.
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQATAUwDM4wpQCBnOALjgGUD5BUQloF4c44BvOADzgAfOADkUAOgAK5EAX5wAvjhwE+ScOjl0AFIGGiUnEAQRKRlUAND3nCwcAHpwATHEDERPIUBKOG0sDhgYCIDYzIKSgsbeydXAQV2OCwAT044VRgkqAB3OABtRhhxWRAAfWAAVQA7YAgywCCCAF0kylAwHCA

Sets of sets

If s : Set (Set X) is a collection of sets in X, one can write the union
and intersection of sets in s as Jg s and [, s, respectively. In mathlib,
they are called sUnion, sInter.

import Mathlib
variable {X : Type*} (s : Set (Set X))
example : |Jps=Ut €s, t :=by
ext x
rw [Set.mem_iUnions]
simp

link
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Functions

IfX Y : Type,anyf : X — Y is a function from X to Y.

Differently from the usual mathematics, it is more common to consider £
on the whole type X rather than considering the domain of £.
Here the division of rational numbers, a / b, is defined to be 0 if b = 0.

Instead, properties of the division are often stated with the assumption
that b # 0. This is because in Lean one can define functions or
operations between types, and it is very inconvenient to introduce Q \ {0}.

(For example, x = y follows from x / a = y / aonly under a # 0.
div_left_inj’)
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https://leanprover-community.github.io/mathlib4_docs/Init/Data/Rat/Basic.html#Rat.div
https://leanprover-community.github.io/mathlib4_docs/Mathlib/Algebra/GroupWithZero/Units/Basic.html#div_left_inj'

Axioms

Although Lean and mathlib are written in dependent type theory and not
set theory, there are some additional axioms that are almost always used.
@ propext : {a b : Prop} : (a <> b) — a = b.
(equivalent propositions are the same. This introduces the equality =
in Prop)

@ Classical.choice {X
(the axiom of choice. link)

Sort X} : Nonempty X — X.

variable (I : Type) (X : I — Type)
(h: V ({ : I), Nonempty (X i))

def f := fun (4 I) => Classical.choice (h i)

@ Quot.sound {X : Sort u} {r : X — X — Prop} {a b : X}

rab — mk ra=mkr b (Quotient. If r is an equivalence

relation, then the relation r a b means that a/r = b/r)
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https://live.lean-lang.org/#codez=G4QwTgliBGA2CmACAFASUQLkQFQJ4Ad4BKFADU0XUCTCHA4lACwsAAiFCC1IgGkQDkB7AHbwAtvgAuuMoghEiAKHmChAY35iAruJgJEAE3gAzRMYwBeExsFsOJMwD5EAYVggAzm4gqQsAHQqGfi8kZCZZIA

Image and preimage of a function

IfXY : Type,f : X — Yands : Set X, t : Set Y, wecan
consider

@ The image of s under £: £ ’’ s or image f s. It is defined as {y |
Jdx, x€s Afx=y}

o The preimage of t under f: £ ~1’ t or preimage f t. It is defined
as{x | £ x €t}
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Injectivity and surjectivity

lfX Y : Type, f : X — Y mathlib has the standard predicates:
@ Function.Surjective £:V (b : YY), 3 (a: X), fa=>b
@ Function.Injective f:V {ab : X}, fa=fb —+a=»>

Here, the curly brackets means that, when we use Function.Injective
f, we do not have to write a b explicitly, but Lean tries to find the write
terms.

open Function
example (h : Injective f) : f 12 (f >’ s) C s := by
intro x hx
simp at hx
obtain (y, hy) := hx
rw [« h hy.2]
exact hy.1

link
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOBuSUwSW6ApnAN6CNwHIE3AcAXHACoCeY5AVAL4FESZSgAoAZszh1ASYQMAlAOKkKcEQGc48FgGVy8GgsJLhqgK5x8k3fHoKcELgDs4AMVOOAxjGARn1vOQAHkjgKiKokgCSjgBW5F7A+JRicpISgN4EAJ0A5KoS2blqqYBhRHAaTAC8cFjsOHBwwI4wUBBwgXCogXVloGBwKB1d9RBYMEiNcIAX5OwANB3sgJfkzFWd3VAA7nAA2oAJhB3zAHQATAC63UFIXocAjPVAA

Injectivity and surjectivity

lfXY : Type,f : X — Yands : Set X, t : Set Y, mathlib
has the standard predicates:

@ Set.InjOn f s: f is injective on s.

@ Set.SurjOn f s t: f isinjective on s to t.
Moreover,

o range f: {x Iy, £y = x}

open Function
example : InjOn (fun x => x"2) {x : R | x>0} := by
intro x hx y hy h
simp at h; simp at hx; simp at hy
rw [« abs_eq self.mpr hx, < abs eq self.mpr hy]
exact (sq.eq._sq iff abs eq.abs x y).mp h

link
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Inverse function

LetX Y : Type, f : X — V.
Assume that Y is nonempty. We can define the left invese function, even if
f is nether injective nor surjective.

variable {X Y : Typex*} [Inhabited XI]
#check (default : X)

variable (P : X — Prop) (h : d x, P x)
#check Classical.choose h

example : P (Classical.choose h) :=

Classical.choose_spec h

link
@ [Inhabitated X] means that there is a specific element default
X.
@ Classical.choose gives an object of the given type, and
Classical.choose_spec gives the property.
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Inverse function

Let X Y : Type, £ : X — Y. Assume that Y is nonempty. We can
define the left invese function, even if £ is nether injective nor surjective.
(In mathlib this is invFun)

noncomputable section
open Classical

def inverse (f : X = Y) : Y - X :=funy : Y =>
if h : d x, £ x =y then Classical.choose h else default

theorem inversespec {f : X — Y} (y : Y) (h: Jx, fx
=y) : f (inverse f y) =y := by

rw [inverse, dif pos h]

exact Classical.choose_spec h

link
@ Here we define inverse f y as some x (using the axiom of choice) if
x exist such that £ x = y, otherwise it is default.
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Practice

@ Let us do some exercises in Section 4.
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