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Abstract

We give an equivalence of categories between: (i) Mdbius vertex algebras which
are equipped with a choice of generating family of quasiprimary vectors, and (ii)
(not-necessarily-unitary) Mobius-covariant Wightman conformal field theories on
the unit circle. We do not impose any technical restrictions on the theories con-
sidered (such as finite-dimensional conformal weight spaces or simplicity), yielding
the most general equivalence between these two axiomatizations of two-dimensional
chiral conformal field theory. This provides new opportunities to study non-unitary
vertex algebras using the lens of algebraic conformal field theory and operator al-
gebras, which we demonstrate by establishing a non-unitary version of the Reeh-
Schlieder theorem.
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1 Introduction

It is a fundamental mathematical challenge to establish a rigorous axiomatization of quan-
tum field theory (QFT), and in general this problem remains wide open except in very
specialized contexts. In recent years, axiomatic QFT has received particular attention
in the context of two-dimensional chiral conformal field theories (CFTs), as these theo-
ries are sufficiently structured to enable a rigorous mathematical treatment while at the
same time exhibiting a wide variety of mathematical connections (to operator algebras
and subfactors, to representation theory and modular tensor categories, to vector-valued
modular forms, and to many other areas). There are many proposed axiomatizations
of two-dimensional chiral CF'Ts, each of which captures different aspects of the physi-
cal theory, and none of which have been rigorously demonstrated to provide a complete
description of CFT. It is conjectured that these different axiomatizations are essentially
equivalent, and there have been recent breakthroughs in comparing different axiomatiza-
tions under certain technical hypotheses [CKLW18, Tenl19al.

In this article we demonstrate the equivalence of two well-known axiomatizations of
two-dimensional chiral CFTs. We establish this equivalence in the most general way
possible, without any reliance on auxiliary technical hypotheses or restrictions on the
models under consideration, such as the existence of an invariant inner product (“uni-
tarity”). Proving equivalences at this level of generality has largely been viewed as an
aspirational (but not necessarily feasible) goal of axiomatic QFT, which we achieve here
through a detailed analysis of the mathematical structures in question.

The first axiomatization that we consider is the non-unitary version of the (bosonic)
Wightman axioms on the unit circle S' C C, with Mdbius symmetry (i.e. symmetry
group Méb := PSU(1, 1), the holomorphic automorphisms of the unit disk). The key
data of such a theory is a collection F of operator-valued distributions (or Wightman
fields) acting on a common invariant vector space of states D, along with a compatible
positive-energy representation of Mob.

The second axiomatization that we consider is (N-graded, bosonic) Mdbius vertex
algebras. These are vertex algebras graded by non-negative integer conformal dimensions,
with symmetry given by the complexified Lie algebra su(1,1)c = sly(C).

We prove the following main result.

Main Result. There is a natural equivalence of categories between non-unitary Mobius-
covariant Wightman conformal field theories on S* and Mobius vertex algebras equipped
with a family of quasiprimary generators.

Our result does not require unitarity or the existence of an invariant bilinear form,
and we do not require that the homogeneous subspaces for the grading by conformal



dimensions be finite-dimensional. There are many important examples of CFTs arising
in mathematical and theoretical physics which require this level of generality, and in
particular non-unitarity arises from the CFT-approach to classical critical phenomena,
and from string theory. Specific examples include the non-unitary Virasoro minimal
models, affine vertex algebras at non-critical level (both universal and simple quotient),
bosonic N-graded affine W-algebras (again universal and simple quotient), and the 7-
ghost vertex algebra with central charge ¢ = 2 (along with other “A-graded” vertex
algebras which arise in logarithmic conformal field theory). As a result of our theorem
there are canonical Wightman CFTs associated to these models, which demonstrates
significant functional analytic regularity that is not otherwise apparent.

The constructions going from Wightman CFTs to vertex algebras and back are given
in Sections 3.1 and 3.2, respectively. These are shown to give an equivalence of categories
in Section 3.3. The vertex algebra V associated to a Wightman CFT with domain D is
constructed as a certain subspace V C D. Conversely, the Wightman CFT associated to
YV is constructed as an extension ¥V C D C [[V(n). We note that at this level of generality
(allowing each weight space V(n) to be infinite-dimensional) it is not a priori clear that
there is a single Wightman CF'T for each vertex algebra, and it seems plausible that
there could be families of ‘Wightman completions’ of a single vertex algebra. However,
as a consequence of our result, there is indeed a unique Wightman CFT for each Mobius
vertex algebra.

A very useful and inspiring heuristic discussion on the connection between Wightman
CFTs and vertex algebras can be found in [Kac98, §1.2]. However, the arguments given
there do not appear to be aimed to give precise mathematical details on this connection.
More recently, three of the present authors gave a rigorous proof that unitary Mobius
vertex algebras were equivalent to unitary Wightman CFTs possessing an additional ana-
lytic property called uniformly bounded order, provided that the homogeneous subspaces
for the grading by conformal dimensions were finite-dimensional [RTT22]. The present
article generalizes the previous result to possibly non-unitary theories, also dropping the
requirements of uniformly bounded order and finite-dimensional weight spaces. As the
techniques historically used to study Wightman theories involve careful analysis of the
norm topology on the space of states, there is significant new work required to generalize
our previous results to the non-unitary setting.

We also demonstrate in Section 4 that the correspondence constructed in this article
is compatible with invariant bilinear forms, invariant sesquilinear forms, and invariant
inner products.

Theorem. Let D be a Mébius-covariant Wightman CFT and let V C D be the associated
Mobius verter algebra. Then every invariant inner product (unitary structure) on D
restricts to an invariant inner product on V, and conversely every unitary structure on YV
uniquely extends to one on D. The same holds for invariant sesquilinear forms (involutive
structures) and invariant bilinear forms.

We are left with a striking and clear correspondence between two well-known ax-
iomatizations of two-dimensional chiral conformal field theory, without any reliance on
additional technical hypotheses. We are motivated in part by the possibility to pro-
vide such an equivalence, which is not often possible in the wild landscape of axiomatic



quantum field theory. We are also motivated by intriguing links between non-unitary
conformal field theories and the unitary world of algebraic conformal field theory. Given
a Wightman CFT on S' and an interval I C S!, consider the algebra P(I) generated
by Wightman fields ¢(f) smeared by test functions f supported in the interval I. Such
Wightman nets of algebras have been studied in the context of unitary quantum field the-
ories [SW64], and there is a substantial effort underway to understand the relationship
between unitary vertex algebras, unitary Wightman nets, and the usual nets of algebras
of bounded observables (i.e. conformal nets) studied in algebraic conformal field theory
[CKLW18, Tenl19a]. On the other hand, as a result of our present work, there exists a
Wightman net for every Mobius vertex algebra, including non-unitary ones. Such nets
could give an avenue to apply methods generally used in the unitary framework of alge-
braic quantum field theory in the more general setting of non-unitary models. Previously
such links have been probed only at the level of categories of representations [EG17]. As
a first demonstration of the potential of this approach we prove a version of the Reeh-
Schlieder Theorem (regarding the cyclic and separating property of the vacuum vector)
for non-unitary theories in Appendix A.

Finally, there is strong motivation to understand functional analytic aspects of non-
unitary vertex algebras as a part of studying links between algebraic and geometric as-
pects of the theory, as in [Hua99, Hua03]. More recently, analytic considerations of
non-unitary vertex algebras have played a key role in the study of conformal blocks
[Gui24a, Gui24b, GZ23], and such considerations also feature in the construction of func-
torial CFTs in the sense of Segal [Seg04].

In future work, it would be interesting to relate modules for vertex algebras to repre-
sentations of the corresponding Wightman nets, which would fit into the broad program
underway in the unitary setting to relate vertex algebra modules to representations in
algebraic conformal field theory [Ten19b, Ten24, Gui2l, Gui20, CWX]. Such relations
should enable further correspondences between full two-dimensional conformal field the-
ories in various approaches, cf. [Mor23, AGT23, AMT24].
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2 Preliminaries on Wightman CFTs and Mobius ver-
tex algebras

An operator-valued distribution on the unit circle S! with domain a vector space D
is a linear map

p: C(SY) = L(D),
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where £(D) is the space of linear operators on D. In this article, we will typically study
operator-valued distributions whose domain D is infinite-dimensional, and we will require
some topological considerations with respect to the action of sets of such distributions on
D.

If F is a set of operator-valued distributions on S! with a common domain D, then

a linear functional A : D — C is called compatible with F if the multilinear maps
C>(SH* — C given by

(frs- s o) = M (1) - ou(fi)®) (2.1)

are continuous in the f; for all ¢y,..., ¢, € F and ® € D. Note that multilinear forms
C>=(S')* — C are separately continuous if and only if they are jointly continuous since
C>=(S') is a Fréchet space [Tre67, Cor. §34.2]. We write D% for the space of all linear
functionals compatible with F. Recall that a set X of linear functionals on D is said to
separate points if for every non-zero ® € D there is a A € X’ such that A(®) # 0.

Definition 2.1. A set F of operator-valued distributions with domain D acts regularly
it D} separates points.

If we imagine that F consists of a family of Wightman fields (i.e. the operators ¢(f)
are smeared quantum fields), then it is natural that expectations A : D — C should have
the property that expressions (2.1) are continuous in the smearing functions f;. Thus,
the condition of regularity serves to exclude certain nonphysical actions that have the
property that expectations cannot distinguish states. The following example illustrates
the pathological behavior of nonregular actions.

Ezample 2.2. Let D = T(C™(S")) = @, C(S1)®" be the tensor algebra, and for
f € C=(SY) let o(f) € L(D) be the operation of left-multiplication by f in D. The
space D carries a regular action of F = {p}. Let Z C D be the left ideal generated
by trigonometric polynomials C[z*'] ¢ C*(S'). Let D = D/Z, and observe that for
each f € C=(S") the action of ¢(f) descends to an operator ¢(f) € £(D). The action
of F = {p} on D is not regular. Let @ € D be the unit of the tensor algebra, and
let Q € D be its image under the canonical projection. For any f € C[z*!] we have
@(f)Q2 =0, and thus any \ € f)} vanishes on @(f)€ for any f € C(S"). In particular,

if f e C>(S')\ C[z*'], then @(f) is non-zero but lies in the kernel of all A € f)}

Remark 2.3. A non-regular action of F on D descends to a regular action on the quotient
D/Dy, where Dy = ﬂAeD} ker \.

Let e, € C°°(S') be the function e,(z) = 2™ The condition that F acts regularly
on D ensures that the operators ¢(f) are determined by the modes p(e,) in a certain
sense that we will make precise below. This is in contrast with Example 2.2, in which
@(en) = 0 for all n but G(f)Q # 0 for some f € C(S1).

We now introduce certain topologies on D associated with the action of . We assume
here that the reader is familiar with (or indifferent to) the fundamentals of topological
and locally convex vector spaces, and defer the relevant background and additional details
to Appendix B.



Definition 2.4. Given a family F of operator-valued distributions on S! with domain
D, the F-weak topology on D is the weak topology induced by the linear functionals
D3%. That is, the F-weak topology is the coarsest topology such that every A € D% is
continuous.

For a topological vector space X, amap T': X — D is F-weakly continuous precisely
when A\ o T is continuous for all A € D%. The family F acts regularly precisely when
the F-weak topology is Hausdorff. We will see in Lemma 2.8 below that for ¢ € F the
expressions ¢(f)® are continuous in f € C*°(S') when D is given the F-weak topology,
so indeed ¢(f) is determined by the modes ¢(e,) when F acts regularly.

There is a second natural topology on D associated with the action of F. For
O1,...,0p € Fand ® € D, let

Serriond : C°(SHF - D
be the linear map

Setriornd(f1 @@ fr) = o1(f1) - e fr) .

We equip the algebraic tensor product C*°(S!)®* with the projective topology, for which
continuous linear maps C*(S1)®* — X correspond to continuous multilinear maps (see
Appendix B).

Definition 2.5. Given a family of F of operator-valued distributions on S with domain
D, the F-strong topology on D is the colimit (or final) locally convex topology induced
by the maps Sy, . .o for ¢1,...,¢r € F and ® € D. That is, the F-strong topology is

the finest locally convex topology such that the maps S, . o, o are continuous.

Equivalently, the F-strong topology is the finest locally convex topology on D such
that expressions ¢1(f1) - - ¢r(fx)® are continuous in the functions f; (jointly, or equiva-
lently separately by [Tre67, Cor. §34.2]).

Remark 2.6. For a locally convex space X, a linear map 7" : D — X is continuous
precisely when T'0.S,,, ., & is continuous for all ¢4, ..., ¢, € F and & € D [NB11, Thm.
12.2.2]. In particular, a linear functional A : D — C is F-strongly continuous if and only
if A € D%, and so the weak topology on D induced by the space of F-strong continuous
linear functionals is precisely the F-weak topology.

We now have the following alternate characterizations of the regularity of an action
of F on D.

Lemma 2.7. Let F be a set of operator-valued distributions on S' with domain a vector
space D. Then the following are equivalent.

i) F acts reqularly on D, i.e. Dk separates points.
ii) The F-weak topology on D is Hausdorff.

iii) The F-strong topology on D is Hausdorff.



iv) There exists a locally convex Hausdorff topology on D such that the maps

(frsoo o fi) = ou(fr) - - on(fi) @
are continuous C°(SYE — D for all py,...,or € F and ® € D.

Proof. As noted above, the implication (i) = (ii) follows immediately from the defini-
tions of regularity and the F-weak topology. The identity map D — D is continuous from
the F-weak topology to the F-strong topology, and thus (ii) = (iii). The F-strong
topology is locally convex by definition, and thus (iii) = (iv) is tautological. Finally,
if 7 is a locally convex Hausdorff topology on D as in (iv), then we have an inclusion of
continuous duals (D, 7)* C D%. By the Hahn-Banach theorem (D, 7)* separates points
[NB11, Thm. 7.7.7]. Hence so does D%, and the action of F is regular. O

Both the F-strong and F-weak topologies are quite natural, and so it is not surprising
that the fields F act continuously when D is given one of these topologies.

Lemma 2.8. Let F be a set of operator-valued distributions on St acting reqularly with
domain D equipped with the F-strong topology. Then for ¢ € F the natural map ¢ :
C>(SY) x D — D is separately continuous. The same holds if D is equipped with the
F-weak topology.

Proof. First, fix f € C*(S'). For any ¢1,...,¢r € F and ® € D, the expression

o(f)er(fr) - pe(fr)®

is continuous in the f; by the definition of the F-strong topology, and thus ¢(f) : D — D
is continuous by Remark 2.6. Similarly, for fixed ® € D expressions ¢(f)® are continuous
in f, and we conclude that ¢ is separately continuous.

Now consider if D is given the F-weak topology. For A\ € D% the expression A(¢(f)®)
is evidently continuous in f, and it just remains to show that ¢(f) acts continuously on

(D, F-weak). Let D be the algebraic dual of D, and let ¢(f)* : D* — D* be the adjoint
action. If A\ € D} then

() N (r(fr) - ol fi) @) = Al (F)pr(fr) - - ox(fi) @) (2.2)

is continuous in the functions f;, so ¢(f)* leaves D% invariant. Thus if ®,, is a net in D
converging JF-weakly to ® then

A@(f)®n) = (0(f) NPy = (2(f) NP = AMe(f)P).
Hence ¢(f)®,, converges F-weakly to ¢(f)® and ¢(f) acts continuously on D. O

We now assume our vector space D is equipped with a family F of operator-valued
distributions on S! as well as a representation U : Mob — End(D), where Mob =
PSU(1,1) is the group of holomorphic automorphisms of the closed unit disk. As in
[CKLW18, §6], for v € Mob we denote by X, € C*(S!) the function

X, (") = —i% log(v(e™)),
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which takes positive real values since 7 is an orientation-preserving diffeomorphism of S*.

For f € C*(S') and d € Z>o we denote by B4(7)f € C*(S") the function

(Ba(1) ) (2) = (X, (571 2)) T (7 (=) (2.3)

An operator-valued distribution with domain D is called M6bius-covariant with con-
formal dimension d under the representation U if for every v € Mo6b and every
f € C>=(S') we have

UMe(HUM) = ¢(Ba(1) f)

as endomorphisms of D. We say that a vector ® € D has conformal dimension d € Z
if U(Ry)® = e¥® for all rotations Ry € Mab.

We now present the not-necessarily-unitary version of the Wightman axioms for two-
dimensional chiral conformal field theories on the circle S*. Historically, the Wightman
axioms have been closely entwined with unitary theories, where the space of states D
possess an appropriate inner product. Non-unitary versions of the Wightman axioms
have also appeared in various contexts such as the mathematical description of gauge
fields, see e.g. [Str93, §6.4]. In this article we will generally refer to the non-unitary
theories in question simply as Wightman conformal field theories for the sake of brevity.

Definition 2.9. Let D be a vector space equipped with a representation U of Mob and
a choice of non-zero vector Q € D. Let F be a set of operator-valued distributions on S*
acting regularly on their common domain D. This data forms a (not-necessarily-unitary)
Mobius-covariant Wightman CFT on S! if they satisfy the following axioms:

(W1) Moébius covariance: For each ¢ € F there is d € Zs( such that ¢ is Mobius-
covariant with conformal dimension d under the representation U.

(W2) Locality: If f and g have disjoint supports, then ¢1(f) and ¢2(g) commute for
any pair @1, o € F.

(W3) Spectrum condition: If & € D has conformal dimension d < 0 then & = 0.

(W4) Vacuum: The vector €2 is invariant under U, and D is spanned by vectors of the
form @y (f1) - - o (fir)S2.

A Mébius-covariant Wightman CFT is a quadruple (F, D, U, Q2), but we will frequently
refer to the family F of fields or the domain D as a (Mobius-covariant) Wightman CFT
when the remaining data is clear from context.

Let ¢j(z) = 27 € C*°(S"), and let
V(n) = span{pi(e;,) - prle; )2 ji + -+ jx = —n}.

By Mébius covariance (W1) the vectors in V have conformal dimension n, or in other
words U(Ry) acts on V(n) as multiplication by e"".

Lemma 2.10. Let (F,D,U,2) be a Mébius-covariant Wightman CFT, and suppose D is
equipped with the F-strong topology.



i) The map U : Mob xD — D is separately continuous.
i1) D50 V(n) is dense in D.
The same holds for the F-weak topology.

Proof. First consider the F-strong topology. Fix ® € D, and we will show that U(y)®
is continuous in . By the vacuum axiom we may assume without loss of generality that

D =p1(f1) - r(fr)Q. We have

U)er(fi) - or(f) 2 = ©1(Ba, (V) f1) - - - r(Ba, (7) fr)S2.

The smooth function G4(7)f depends continuously on v, and thus U (7)1 (f1) - - - pr(fr)2
depends continuously on v as well. Now consider a fixed v € Mob, and by the same
argument U(y)p1(f1) - - - ©x(fx)2 depends continuously on the f;. Hence by Remark 2.6
and the vacuum axiom U()® depends continuously on ®, proving (i). The argument is
similar for the F-weak topology.

For (ii), note that €, ., V(n) is dense since Laurent polynomials are dense in C*°(S*),
and V(n) = 0 for n < 0 by the spectrum condition. O

Let D% N V(n)* denote the space of linear functionals A € D% such that M|y, = 0
when m # n. The following technical observations will be essential in constructing vertex
algebras from Wightman CFTs.

Lemma 2.11. Suppose that (F,D,U ) satisfies all of the azioms of a Mébius-covariant
Wightman CFT except perhaps for the spectrum condition.

i) Forn € Z, DNV (n)* separates points in V(n).
i) If @,,50 V(n) is F-strongly (or F-weakly) dense then the spectrum condition holds.

Proof. First we prove (i). From the definition of a Wightman CFT, D% separates points
so given v € V(n) we may choose A € D% such that A(v) # 0. For z = €7, let r, =
U(Ry) € Méb be rotation by z € S'. If 7} is the adjoint operator, then A € D%. Let
An 1 D — C be given by

1
An(P) = — /51 z 7t (CID,rzx\)DD} dz.

27

To see that the integral exists, observe that

(@1(f1) -~ or(fe) 2 M) p ps. = (01(Bay (72) f1) -+ 0k (Ba (72) f) 2 N p s -

Since (z, f) — Ba(r.) [ is jointly continuous S' x C=(S') — C*°(S'), and A € D%, the
expression (¢1(f1) -+ @e(fr)Q,rA) is jointly continuous S! x C*°(S')* — C, and thus
the integral defining A, exists. Moreover, we see that A € D%. If u € V(m), then
An(u) = dpmA(u), so A, € DN V(n)* and A\, (v) = A(v) # 0.

For part (ii), it suffices to consider the F-strong topology. Let W(n) C D be the
subspace of vectors with conformal dimension n. Note that

V(n) = span{pa(e;,) -+ pnle; )R Y ji = —n} € Win)

9



but equality is not immediate (it is e.g. a consequence of Proposition 3.14). Now fix
n < 0 and let v € W(n). To verify the spectrum condition we must show that v = 0.
Let A € D%, and as above let A\, = 5= [o, 27" 'riAdz. Then \,(v) = A(v), but A,

27
vanishes on @,,.,V(m). Since the latter space is assumed to be dense, and A, € D}
is continuous, we have A\, = 0. Hence A\(v) = 0, and since D% separates points we have

v =0, as desired. O

We will later see that for every A € V(n)* there is a unique extension to a linear
functional in D% that vanishes on V(m) (when m # n) — see Proposition 3.14.

The notion of Wightman CFT presented in Definition 2.9 generalizes the unitary
notion of Wightman CFT considered in [RTT22] in several ways. Most notably, the
domain D does not have an inner product. We also do not assume that €2 is the unique
Mob-invariant vector up to scale, and we do not require that the eigenspaces for the
generator of rotation are finite-dimensional.

The requirement that F act regularly on D is necessary, as there exist pathological
examples of quadruples (F, D, U, 2) that satisfy all of the requirements to be a Wightman
CFT except for the regularity of the action of F. Indeed, we can refine Example 2.2 to
produce a quadruple with non-regular action for which the only finite-energy vectors are
scalar multiples of the vacuum, despite D being infinite-dimensional.

Example 2.12. Let Xy C C™(S') be the closed span of 271,272 .... These are the
functions f in C*°(S!) that extend to holomorphic functions outside the unit disk which
vanish at infinity. We similarly define Xsq. Let p : C®(S') — Xy be the projection
with kernel X5q. Let D = S(Xo) = Py S¥(X<o) be the symmetric algebra, and let
Q € S%(X_o) be the unit. Let ¢ be the operator-value distribution with domain D where
©(f) acts by multiplication by pf in S(X.o). This action is evidently regular. The family
F = {p} acts locally on D since the symmetric algebra is abelian, and the vacuum vector
is cyclic for F.

Define a representation of Mob on X.o by U(y)f = p(f oy !), and extend this
representation to S(X<g) (this representation is better understood as the quotient of the
natural representation of Mob on X< by constant functions). The representation has
positive energy, and ) is Méb-invariant. Moreover we have for f € C>(S?!)

U)pf =p((pf) oy ") =p(foy™') (as the constant component is annihilated by p)

and it follows that U(y)e(f) = o(f oy HU(y) = ¢(B1(7)f)U(7). Hence ¢ is Mébius
covariant with conformal dimension 1, and we have shown that (F, D, U, Q) is a Wightman
CFT.

Now let X, C C°°(S') be the dense subspace of functions which extend holomorphi-
cally to a neighborhood of S'. Then X, is invariant under U(v). Moreover, a function
f lies in &, precisely when its Fourier coefficients decay sufficiently rapidly, and thus X,
is invariant under p as well. Let Z C D be the left ideal generated by pX,, C X.o, and
observe that Z is invariant under ¢(f) and U(y) for all f € C>=(S') and v € Mob. Let
D = D/Z, let Q) € D be the image of O under the canonical projection, and let o(f)
and U(7) be the operators on D induced by ¢(f) and U(y), respectively. The quadruple
(.7: .D,U, Q) satisfy all of the requirements of a Wightman CF'T except for regularity of
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the action of F. We have

V(n) = span{@i(ej,) -+ Pr(ej )R [ g + -+ ji = —n} = {0}
for all non-zero n € Z since e¢; € A&,,.

Remark 2.13. If (F,D,U, Q) satisfy all of the requirements of a Wightman CEFT except
that the fields F do not act regularly, then we can obtain a Wightman CFT on a quotient
of D. Let Dy = reDs ker A. Since D% is invariant under the adjoint actions ¢(f)* and
U(y)*, it follows that Dy is invariant under ¢(f) and U(7), and so we have actions of
smeared fields and Méb on the quotient D = D/Dy. So long as Dy # D, these actions
give a Wightman CFT on D.

If one applies this procedure to the example (.7: .D,T, Q) constructed in Example 2.12,
then one obtains the trivial Wightman CFT. Indeed, we can check that D = CQ & D,
as follows. Returning to the notation of Example 2.12, we have Z = @,-, Z N S*(Xo),
and thus

D =CQo P S*(Xa0)/(Z N SH (X))
k=1
Hence it suffices to check that an arbitrary A € 15} vanishes on each of the spaces
S*(X_0)/(ZNS*(X<o)) when k > 1. Note that this space is spanned by vectors of the form

@(f1) - &(f)2. When one of the functions f; lies in &, we have o(f1)---o(fr)Q2 €T
and thus ¢(f1) - @(fx)S2 = 0. Hence for any A € D% we have

A@(f1) - e(fi)2) =0 (2.4)

when some f; lies in X,. Since X, is dense in C*°(S') and \ € f)}, it follows that
(2.4) holds for arbitrary functions f; € C*(S'), and we conclude that A vanishes on

S*¥(X<0)/(Z N S* (X)) when k > 1. Hence D = CQ ® D,y as claimed, and D is spanned
by the vacuum (.

With these distinctions in mind, we give the corresponding notion of vertex algebra
after some brief preliminaries. Let Lie(M&b) be the three-dimensional real Lie algebra of
Mob = PSU(1,1). If Méb is regarded as a subgroup of the group Diff(S!) of orientation-
preserving diffeomorphisms of the unit circle S!, then Lie(Mob) is identified with a three-
dimensional subspace of the space of smooth vector fields Vect(S') on S'. Each vector
field is identified with a differential operator f(e")-L for some smooth function f(e'),
and the Lie bracket is given by [f&, 9] = (f'g — fg')-%, where f’ denotes %. Note
that this bracket is the opposite of the bracket of vector fields, which is the natural
choice when identifying Vect(S!) with the Lie algebra of Diff(S'). The complexification
Lie(Mob)c = sl(2,C) of Lie(Mob) is spanned by the elements {L_1, Lo, L1}, where L,,
is the complexified vector field —ieimﬂﬁ. The vector fields L,, satisfy the commutation
relations

[Lin, L) = (m —n) Ly in, m,n =—1,0,1.

In a representation of Lie(M&b)c, we will frequently abuse notation and write Ly for the
operator corresponding to the vector field indicated above.
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If V is a vector space we write End(V)[[z*!]] for the vector space of formal power series
in 2z with coefficients in End(V). Given v € V and A(z) =Y, ., A.2" € End(V)[[z*']],
we have a formal series A(z)v = ) A,vz" with coefficients in V. For any B € End(V)
we have [A(z), B] = Y, [An, B]z" € End(V)[[2*!]]. If B(w) is another formal series in a
second formal variable w, then the expression [A(z), B(w)] makes sense as a formal series
in 2% and w*!.

We can now precisely specify the flavor of vertex algebras that we will consider.!

Definition 2.14. An (N-graded) Md&bius vertex algebra consists of a vector space V
equipped with a representation {L_q, Lo, L1} of Lie(Mdb)c, a state-field correspondence
Y 1V — End(V)[[z*!]], and a choice of non-zero vector {2 € V such that the following
hold:

(VA1) V =@@,-,V(n), where V(n) = ker(Ly — n).

(VA2) Y (Q,2) = Idy and Y (v, 2)Q|
of z for all v € V.

.o = U, i.e. Y (v, 2)$2 has only non-negative powers

(VA3)  is Lie(Méb)-invariant, i.e. L, = 0 for m = —1,0, 1.
(VA4) [Lyn,Y (v,2)] = S04 (M ZmHIY (Ligv, 2) and YV (L_yv, z) =

J=0 J
veYand m=—1,0,1.

LY (v,z) for all

(VA5) (z —w)N[Y (v, 2),Y (u,w)] = 0 for N sufficiently large.

For v € V, we write Y (v,2) = Y, 7 vz~ ™!, where v,y € End(V) are called the
modes of v. A vector v € V is called homogeneous (with conformal dimension d) if
it lies in V(d). As a consequence of the Ly-commutation relation, when v is homogeneous
with conformal dimension d we have [Lq, V()] = (d —m — 1)vgy,). Hence v, maps V(n)
into V(n+d—m —1). A vector v € V is called quasiprimary if it is homogeneous and
Liv=0.

We record two useful identities satisfied by the modes of a vertex operator (see [Kac98,
§4.8]), the Borcherds product formula:

(umv) gy = > (=1) < j) (= V0+5) = (1) Vs up) » (2.5)
=0
and the Borcherds commutator formula:
= /m
[ty vy] = ) ( ; > (UH) sk (2.6)
§=0

Note that when the sums of operators on the right-hand sides of (2.5) and (2.6) are
applied to a vector, all but finitely many terms vanish.

!The term Mdbius vertex algebra has been used in the literature to describe various slightly different
notions (see e.g. [BKO08, HLZ14, Hua20, Kac98]). In some cases, authors include the possibility of
fermionic fields, with the corresponding super version of the locality axiom; the term Mobius vertex
superalgebra is also used in this case. Additionally, some authors replace our N-grading with a more
general grading. We do not foresee any significant obstacles to generalizing our results to Mobius vertex
superalgebras graded by a lower-bounded subset of %Z.
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3 Equivalence between Mobius vertex algebras and
Wightman CFTs

3.1 From vertex algebras to Wightman CFTs

In this section we construct a Wightman CFT from a Mobius vertex algebra V =
D, ,V(n). The first step is to construct operator-valued distributions from the for-
mal distributions Y (v, z), as follows. For v € V(d), the degree-shifted mode v,, is defined
by v, := U(nta—1), which gives an alternative field expansion Y (v, 2) = > 2 v,z7""4,
so that v,V(m) C V(m —n). We extend the definition of v,, to non-homogeneous vectors
by linearity. Let us write V' for the restricted dual V' = @, ,V(n)*, which is to say
linear functionals on V that are supported on finitely many V(n). We denote by V the
algebraic completion

V=][]vn)

and we embed V C V in the natural way. We equip V with the weak topology induced
by the pairing with V.
For f € C*(S") we define
YO, f): V=V
by
YOv, flu = Z f(n)vu,
nez

where f(n) is the n-th Fourier coefficient of f.

We now show that the maps Y°(v, f) may be extended to act on an invariant domain
D C V. The first step is the following lemma, which has an identical proof to [RTT22,
Lem. 2.7].

Lemma 3.1. For allv',..., v, u €V and v € V', there exists a polynomial p such that
1,2 k
| (vm1vm2 e vmku, UI)V,V’ S |p(m1, . 7mk)|
for all (my,...,my) € ZF. The polynomial depends on the vectors vl u, and u', but the

degree of p may be bounded independent of u and u’.

We refer the reader to [RTT22] for a proof. A very similar argument, however, yields
the following observation.

Lemma 3.2. Letv',...,v* €V and let n € Z>o. Then
V(n;v17... 7”Uk) = Span{v}nl...Ufnkﬂlml_i_..._i_mk: _n}

is finite-dimensional.
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Proof. We proceed by induction on k, with the cases £k = 0 and k£ = 1 being immediate.
Now fix k > 2, and suppose dim V(n/;ul,--- ,u’) < oo when ¢ < k. First observe that
when m; < —nm and my + - - - mp = —n we must have ms + - - - my > 0, and hence

vl ok Q=0.

mi mg

Next observe that

Z vp V(n+my;v?, . 0b) 4+ span{vy,, vk Qmy 4o+ my = —n, my > 0}

mi=—n
and each of the subspaces v}mV(n +my;v?, ..., v%) is finite-dimensional by the inductive
hypothesis, so it suffices to show that the final term is finite-dimensional as well.
By the Borcherds commutator formula (2.6), if my > 0 and m; + ---my = —n we

have

k k dit+d;—1

k

vl kQ ZUQ- ml,m vkaEZ Z V(n ,...,Sd1+1v ST,

Jj=2 s=
The subspace on the right-hand side is finite-dimensional by the inductive hypothesis
and independent of my,...,my, and thus we conclude that V(n;v!,... v¥) is finite-
dimensional as well. O

If f € C[z*"], then Y°(v, f) maps V into V. Our next lemma gives an estimate for
these maps Y?(v, f) in terms of the N-Sobolev norm of f. Recall that for N € R, the
N-Sobolev norm on C*(S') is given by

1/2
Il = (Z\f 1+n)> : (3.1)

neL

We denote by HY(S') the Hilbert space completion of C*°(S!) under this norm, which
consists of L?-functions with finite N-Sobolev norm. The locally convex topology on
C>(S') is induced by the norms ||-|| 5, and a linear map from C'*(S') to a Banach space
is continuous precisely when it is bounded with respect to some N-Sobolev norm. We
then have the following estimate, which is a simplification of [RTT22, Lem. 2.8].

Lemma 3.3. For all vy,...,vp,u € V, ' € V', and Laurent polynomials fi,..., fr €
Clz*!], we have

(O fi) Y01 J)us )| < C ALy el

The number N depends only on the v, and the constant C' depends on the {v;};=1,... k,
u, and u'.
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The auxiliary domain D and the topology on it. By Lemma 3.2, the assignment
(fla ) fk) = YO(Uk’a fk) e Yo(vla fl)u giVeS a map

Clz*F — H V(n;vg, ..., vg,u)
n=0

with each space V(n;vq,...,vg, u) finite-dimensional. By Lemma 3.3, this extends to a
continuous multilinear map again taking values in [[>2 V(n;v1,. .., vg,u) C V. Thus for
each vy,..., v, u € V, there exists a unique continuous multilinear map

KXoy oo : CF (ST =V
such that when fi,..., fi € C[z*!] we have

le ..... vk,u(fh'"vfk) :YO(Ukvfk)'”Yo(vhfl)u‘ (32)

Let Dy = CQ, and for k =1,2,... set
Dk’ = Span{le ..... vk,Q(fly .. afk) | vy € V’ fj € COO(Sl)} C ﬁ

We have D), C D41 by considering vy = Q. Let D = J;—, Dk C 9, equipped with the
subspace topology (i.e. the weak topology induced by the linear functionals V', in which

a sequence (or net) ®; € D converges to @ if and only if A(®;) converges to A(®) for all
AeV).

Lemma 3.4. For allv € V and f € C*®(S') there exists a unique continuous linear map
Y (v, f) : D — D such that:

Z) Y(Uv f)|V - Y()(U? f)
i) The expressions Y (v, f1) -+ Y (vg, fi)2 are (jointly) continuous in the functions f;.
In addition, we have D = span{Y (v1, f1) - Y (v, fx)Q2| k € Zso,v; €V, f; € C(SY)}.

Proof. We first consider uniqueness. When f, ..., fi are Laurent polynomials, the con-
dition Y (v, f)|y = Y%(v, f) determines the value of Y (vy, f1)- - Y (vg, fr)2 € V. The
value of such expressions in D is then uniquely determined by continuity in the functions
3

We now show existence. We wish to define Y (v, f) on X, ., o(f1,--., fx) € Dy by
the formula

Y(ny)le ..... vk,Q(fla'”,fk) - Xv,ful,...,vk,Q(f7 fla"-yfk)a (33)

but must check that this is well-defined.

First, consider if f is a Laurent polynomial. The modes v, map V(m) to V(m — n),
and thus the adjoint (transpose) operator v maps V(m)* into V(m + n)*. Hence there
is an adjoint map Y%(v, f)* : V' — V' such that for uw € V and «’ € V' we have

(YO(U, f)u,u')vy, = (u,YO(v,f)*u/)v’V,.
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Thus if f, f1,..., fr are Laurent polynomials we have

ol e Jib ) = (V0 DY (0 ) Yo, )
= (YO(Uk7fk) .. 'YO(Ul,fl)u,Yo(’U,f)*u/)
= (Xopoopa (1 i), YO0, f)*)

As the first and last terms are jointly continuous in fi,..., fix by (3.2), we have

(X’U,Ul,.“,'l)k,u(f7 f17 ceey fk:>7 ul>ﬁ7y/ = (Xv1 ..... vk,u(fly ceey fk); YO(Ua f)*ul)f;’v/ (34)

whenever f is a Laurent polynomial.

We now argue that (3.3) is well-defined. Let X : (V ® C®(S))®* — D be the linear
map corresponding to the multilinear map Xy, ., .0(f1;- .., f), so that Dy is the range
of Xp. Let T = @2,(V® C=(S")®* and let X : T — D be the map given by X
on the kth direct summand of 7. We wish to show that if Z € T and X(Z) = 0, then
X(v® f®Z) =0 as well,

Fix = as above. By (3.4), if f is a Laurent polynomial we have for all v’ € V'

(X@ RF® E),u’) - (X(E) YO f)*u') —0,

and so X(v® f ® Z) = 0. On the other hand, X (v ® f ® Z) is continuous in f, and
so X(v® f ® Z) = 0 vanishes for all f € C*°(S'). Thus there is a well-defined map
Y (v, f) : D — D satisfying (3.3).

By construction we have Y (vq, f1) - Y (vg, f)Q = Xo . op0(f1,- -, fx). It follows
immediately that such expressions span D, and since X, ., o is continuous in the func-
tions f; we have also shown the second required property of the operator Y (v, f). For
the first property, note that Y (v, f)|y agrees with Y%(v, f) by (3.2) when f is a Laurent
polynomial, and thus for all f by continuity. O]

Remark 3.5. From Lemma 3.3 and Lemma 3.4 we have shown a version of the uniformly
bounded order property for the operator-valued distributions Y (v, f), namely that for
any vi,...,v € V, there is a positive number N such that for every u € V the map
(fio--os fk) = Y (v, f1) ... Y (v, fe)u extends to a continuous map HY(S)* — V.

We have constructed a famlly of operator-valued distributions Y (v, f) on D. We next
consider Mobius covariance of these distributions, which will hold when v is quasiprimary.
To this end we introduce

Vaqp = span{v € V| v is quasiprimary} = ker L.

Note that Vqp = €D, -, Vaor N V(n), so that every vector in Vgp may be written uniquely
as a sum of homogeneous quasiprimary components. Let

Dqp = span{Y (v1, f1) - - Y (vk, f)Q2| k € Z>o,v; € Vap, f; € COO(Sl)} C D.

Let us assume that V is generated by Vqp as a vertex algebra, in which case V C Dqp.
If V is completely reducible as a Lie(Mob)-module (i.e. if it is spanned by vectors of the
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form L* v with v € Vgp), then it is evidently generated by Vqp as a vertex algebra and
moreover Dgp =D as Y(L_yvu, f) =Y (v,if’ —mf) when v € V(m).

We will now construct a representation of U : Méb — L(Dqp) for which the Wightman
fields Y (v, f)|pqe are covariant for all v € Vop and for which the vacuum € is invariant.
Note that such a representation is unique if it exists, as the covariance condition implies

U)Y (v, f1) - Y (g, f&)Q = Y (v1, Ba, (V) f1) - Y (vk, Ba, (7) f1) 2

So the difficulty is in showing that a linear map satisfying the above condition exists, i.e.
showing that if a linear combination of vectors of the form

Y (v, f1) -+ Y (g, fi)Q2

vanishes, then so does the corresponding linear combination of

Y (vi, Bay (V) f1) -+ Y (ks Bay, (7) )2

We first extend the representation of Lie(M&b)¢ furnished by the Mobius vertex al-
gebra structure on V to a representation on Dgp. Recall that Lie(Mob)c is spanned by

complexified vector fields g(e'”) d‘fg on the circle, where L; corresponds to —ie'*” d%

Let V* be the algebraic dual of V, and note that the adjoint operators L, : V* - 1%

leave V' invariant. We claim that the closure of the graph I'(L;y) C V x V in VxVis
the graph of a densely defined linear operator. Indeed, suppose that v; is a net in ¥V such

that v; — 0 and Lyv; — v in V. Then for any A € V' it holds that
A(v) = lim A(Lyv;) = lim(LgA)(v;) = 0.
j J
As V' separates points in 9, we conclude that v = 0 and that the closure of I'(Ly) is the

graph of a densely defined operator as claimed. Taking linear combinations we obtain a
densely-defined operator on V for every X € Lie(Méb), which we denote by m(X).

Lemma 3.6. Let V be a Mobius vertex algebra that is generated as a verter algebra by
its quasiprimary fields. Then for any g% € Lie(Mob) the domain of W(g%) contains
Dqp and W(g%) leaves Dqp invariant. Moreover, if v is quasiprimary with conformal
dimension d we have

[m(945), Y (0, N =Y (v, (d = )G = 95)
as endomorphisms of Dqp.

Proof. If v € Vop(d) then the commutation relations between Y (v, z) and the Ly from the
definition of a M&bius vertex algebra imply that when f € C[2*!] is a Laurent polynomial

we have

[m(95), Y (0, )] =Y (v, (d = )55 — 935)
as endomorphisms of V. Thus if fi,..., f; are Laurent polynomials and v, ..., v, € Vgp,
then we have

k
W(ng) (v1, f1) = Y (g, f1)Q Z (v1, f1) - (Uya(dj 1)3199 3—93{;) Y (g, fr)2

(3.5)
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where d; is the conformal dimension of v;. For arbitrary fi,..., fr € C*°(S"), choose
sequences of Laurent polynomials® f;,, such that lim,,_,, fj, = f; in C*(S'), and observe
that

lim Y (v1, fin) Y (U, fon)Q =Y (v1, f1) - Y (v, fr)2

n—oo
and

lim Y (01, fin) Y (0, (dy = 1) 55 fin — 9%5) - Y (0k, fion) Q2 =

n—o0

(Ulafl) (’Uj,( j ) fg—gi%)"'y(vmfk)ﬁ

in V by Lemma 3.4. Hence Y (vy, f1) -+ Y (v, fk)Q lies in the domain of 7(g-%) and (3.5)
holds for f; € C*(S'). It follows that 7(9-L) leaves Dqp invariant and we have the
desired commutation relation with smeared fields. O

We now turn to constructing the desired representation U : Mob — L(Dgqp). The
following lemma will allow us to define U(v) on a V C D.

Lemma 3.7. LetV be a Mébius vertex algebra which is generated by a set of quasiprimary
vectors. Then for any v € Mob there exists a unique linear map U°(~y) : V — Dqp such
that

U°(7)Y (v1, f1) - Y (0, )2 =Y (01, Bay (V) f1) =+ Y (0, Bayo () f) 2

for all vy, ..., vx € Vop with conformal dimensions d; and all f; € C[z*1].

Proof. Uniqueness is clear as the required formula for U°(y) determines its value on
V. In order to show existence of U%(y), we must show that if a linear combination of
vectors of the form Y (vt f1) - - - Y (v*, f3)2 vanishes, then so does the corresponding linear
combination of vectors of the form Y (vl, By, (7)f1) -+ Y (v, Ba, (7) fx)2. We use standard
ODE techniques.

The exponential map exp : Lie(Mob) — Mob is surjective, so we may choose g% €
Lie(M6b) such that exp(g%) = . Let v = exp(tgd%) be the corresponding one-
parameter subgroup of Mob. Let !, ..., v* € Vqp and consider the function u : R — Dqp
given by

u(t) = Y0, Bas (0 o)+ Y (0, By () )2

We will now show that u extends holomorphically to a neighborhood of R (when Dqp is
given the weak topology induced by V'), and compute its derivative.

The map R — Méb = PSU(1,1) given by t — -, extends holomorphically to a
neighborhood of R (taking values in complex Mobius transformations of the Riemann
sphere 2 PSLy(C)). For each t € R, the Mobius transformation v, leaves S* invariant, and
thus for a sufficiently small neighborhood of R the corresponding Mdébius transformations
map S! into C*. Thus if f € C[z*!] is a Laurent polynomial, the function R x S* — C
given by (¢, 2) — (Ba(v:)f)(z) extends holomorphically to a neighborhood of R x S*. Tt
follows that the map R — C°°(S') sending ¢t + B4(7:)f extends holomorphically to a
neighborhood of R.

2f;n € C°°(S') and it is not the n-th Fourier coefficient of f;.
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Fix A € V(n)*. By Lemma 3.4, the expressions A\(Y (v!, f1)--- Y (%, f3,)Q) are jointly
continuous in f; € C*°(S!). Thus for fixed Laurent polynomials fi,..., fi € C[z*!], the
function

t= MY (Y By (ve) f1) -+ Y (05, Bay () f)2)

extends holomorphically to a neighborhood of R. As this neighborhood is independent
of A, the function

Y(Ula /Bdl (’Yt)f1> oo 'Y(Uk7 Bdk (’Yt)fk)Q

extends holomorphically to a neighborhood of R, as previously claimed.
We now differentiate the above function of ¢. A straightforward computation [RTT22,
Eqn. (3.4)] shows that

B0 = (A= 1)BB:(2)f — g5 [0 (3.6

with the derivative taken in C*°(S'). Comparing (3.6) with the commutation relation of
Lemma 3.6 we obtain for any A € V'

iA(Y

dt Ul, Bch (’Yt)fl) e Y(Uk7 Bdk (’yt)fk)Q) -

—

AY (@Y By () f1) Y (0, 584, (1) f3) - Y (0F, B () fir)2)

E

1

.
||

AY (W' Bay () 1) - [m(g5), Y (07, f)] - Y (0, Ba (1) f)©)

=1

(m(g5)Y (v, Bay (W) fr) -+ - Y (0%, B, () f1)2).

.

I
>~

Since the adjoint operator 71'(9%)* leaves V' invariant, we may iterate the above argument

to obtain

DAY B0 1)+ Y0 (1)) =
A(r(gds)"Y (0" By () 1) -+ Y (0%, B () o))

Since A was arbitrary we have

m

Y Ba () fr) - Y (0, B, () )2 = (3.7)
(g (0, B () 1) - - Y (0, B (7))

We now complete the proof of existence of the map U°(v) : V — Dqgp. Suppose that a
certain linear combination of vectors of the form Y (vl, 1) -+ Y (v* f;)Q vanishes. That

is, suppose we have
¢

Z Y (WM fin) - Y (0 fig )2 =0

=1
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for 0, k; € Z>o, v quasiprimary vectors with conformal dimension d; ;, and f; ; Laurent
polynomials. Then, by the above, the function

¢
t Y Y0 By, () fia) - Y (0, Ba,, () fik)Q (3.8)
=1

extends holomorphically to a neighborhood of R, and by (3.7) the derivatives of (3.8) at
t = 0 are given by

l
d™ L
52 v Bay () fin) - Y (0 Ba () fin)Q| =
=1 t=0
y4

= (g )™ S Y (W, fir) Y (6 )0

=1

=0.

Since the Taylor series of (3.8) at t = 0 is identically zero, the function vanishes identically.
In particular, specializing to ¢t = 1 yields

1
Z Y(UZJ? 5!12',1 (7)fi,1) e Y(Ui’ki’ ﬁdlkz (V)fz’kl)Q =0.
=1

We conclude that the desired map U°(7) is well-defined, as required. ]
We now address the problem of extending U%(7y) to an endomorphism of Dqp.

Lemma 3.8. Let V be a Mobius vertex algebra which is generated by its quasiprimary
vectors. Then for any v € Mob there exists a unique linear map U(y) € L(Dgqp) such
that

U)Y (vr, f1) - Y (i, fi)Q =Y (v1, Ba, (7) f1) -~ (Uk,ﬁdk( ) fi)S2

for all vy, ... v, € Vqp with conformal dimensions d; and all f; € C*°(S").

Proof. Let ® € Dqp, and recall that Dgp C Y= [[,—oV(n). Thus we may canonically
write @ = Y > " with v € V(n) (and the sum converging in the weak topology
induced by V'). We would like to define U(y)® = "2, U%(y)u™, but first must check
convergence of the sum. It suffices to consider a vector ® = Y (v, f;) -+ Y (0¥, f,)Q with
v; € Vap and f; € C°°(S). Recall from Lemma 3.2 that the continuous map multilinear
map C*°(S1)*¥ — Dqp given by

(froooo fo) = Y (0!, f1) - Y (05, fi)Q2

takes values in [[°2, V(n;v',...,v") with V(n;v',...,v*) a finite-dimensional subspace
of V(n). Thus by the universal property of the projective tensor product ®, [Tre67, Prop.
43.4] we have a continuous linear map

C®(S") @y - @ C°(S1) — HV(n;vl, b)),

n=0
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As T2, V(n; o, ..., v") is complete, by [Tre67, Thm. 5.2] (see also Appendix B for the
completion of topological vector spaces) we may extend this map to a continuous linear
map

C¥(S") &+ @,C®(S") = [[ V50!, .. 0%
n=0

where &, is the completed projective tensor product (see [Tre67, §43]). We have a natural
isomorphism of topological vector spaces

C®(SY) @y - - ©,C%(S) = C=((SHF)

by [Tre67, Thm. 56.1] (extended to the manifold S via partition of unity). Thus we
conclude that there exists a continuous linear map

S O®((SH) — ﬁV(n;vl, L

characterized by
S(fl Qp ++ Op fk) = Y(vlv fl) o 'Y(vka fk)Q

Now fix v!,...,v* € Vand fi,..., fp € C>=(S!), and consider
Y(Ulafl) o Y(Ukvfk’)Q =d= Zun’
n=0

again with u™ € V(n). Let V() : C*°((S1)*) — C>=((S1)*) be the continuous linear map
such that
V(Mg1(21) -~ gi(z) = (B (1)g1)(21) - - (Bar (V) gr) (28)

for all g; € C=(S'). For n € Z, let B, : C=((S")*) — C>°((S*)*) be the natural projec-
tion onto the closed span of monomials z{"* - - - z* with ny+- - - +ny = —n (whose kernel is
spanned by monomials with ny +- - - +ny # —n). For F(zy,...,2x) = fi(z1) - fe(zx), by
construction we have S(P,F) = u™ and S(V(y)P,F) = U°(y)u", where U° is defined in
Lemma 3.7. Since ), _, P, = id (with convergence pointwise as operators on C*((S*)))
and both S and V() are continuous, we have convergence of the sum

S Uyt =Y S(V(Y)P.F)

to S(V(v)F) =Y (v1, Ba, (1) f1) - - - Y (vk, Bay, (7) fr) 2.
As the action of U%(y) on u" € V(n) is well-defined by Lemma 3.7 and does not

depend on the choice of {v’}, we have obtained both a well-defined map U(~) given by
Uy)® =Y, U%(y)u™ along with the required covariance relation. O

Since Ba(71)Ba(72) = Ba(y1 © 72), the maps U(y) furnish a representation of M6b on
Dqp. For v € Vqp the operator-valued distribution Y (v, f) is evidently covariant
with respect to this representation.

|DQP
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Theorem 3.9. Let V be a Mobius vertex algebra, let S C V be a set of quasiprimary
vectors that generate V as a vertex algebra, and let

DS = Span{Y<U1>f1> o Y(Ukaka)Q ‘ k€ ZZ(]?U]' < Su f] € COO<51)}

Let Fs = {Y (v, f)|ps|v € S, f € C®(SH} and for v € Mab let Us(y) = U(v)|s. Then
(Fs, Ds, Us, Q) is a (not-necessarily-unitary) Mobius-covariant Wightman CFT.

Proof. We have a family of operator-valued distributions Fs on Dg C Dgp C V. Note
that V C Dg since S generates V. By Lemma 3.4 we have V' C D% g, where we note that
it suffices to check continuity of (Y (v, f1) - Y (v, fr)®, ') in the special case ® = Q
since Dy is generated from 2 by Fg. Hence D} 4 separates points, as V' separates points

in 17, and so Fg acts regularly. The subspace Dgs is invariant under U by Lemma 3.8,
and by the same lemma the fields Y (v, f) are Mobius covariant, which verifies the first
axiom of a Wightman CFT.

We now check the locality axiom. Let vy,v, € S, let u € V and let v/ € V'. By the
vertex algebra locality axiom, the formal distribution (z; —z0)" ([Y (v1, 21), Y (va, 20)]u, ')
vanishes for N sufficiently large, and thus the corresponding distribution (fi, f2) +—
([Y (v1, f1), Y (ve, f2)]u, ) is supported on the diagonal z; = 2y (see [Kac98, Cor. 2.2]
and [CKLW18, Prop. A.1]). Hence when f; and f, have disjoint support we have

[Y(Ul, fl); Y(Ug, fg)]u =0 forall u eV.

That is,

Y (v1, f1), Y (v2, f2)]Y (a1, 91) -+ - Y (ag, gr)2 =0
for all a; € S and g; € C[z*']. By the joint continuity of such expressions in g;
(which shows that V is F-weakly dense in Dg) and the cyclicity of 2, we see that
Y (v1, f1), Y (ve, f2)]® = 0 for all & € Dg, and thus the locality axiom holds.

The vacuum axiom holds by construction, and the spectrum condition holds by
Lemma 2.11. ]

3.2 From Wightman CFTs to vertex algebras

Let F be a Wightman CFT with domain D, with vacuum vector 2 and representation
U : Mob — L(D). Let V(n) C D be the finite energy subspace

V(n) = span{ei(es,) - gule )k € Zoo, 3 ji = —n, o1 € F,

where ¢;(z) = 27, and let V = @, -, V(n) C D. Note that when n < 0 we have V(n) =0
by the spectrum condition of a Wightman CFT, and V is F-strongly dense in D.

We will show that V carries the structure of a Mobius vertex algebra generated by the
point-like quasiprimary fields corresponding to F. For ¢ € F with conformal dimension
d, the corresponding point-like field is a formal sum

B(z) =Y plea)™"

nel
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The key steps are to establish the vertex algebra locality condition

~

(2 —w)"[(2), ¥ (w)] = 0

for N sufficiently large, as well as differentiating the representation U to a representation
of Lie(Mob)¢ for which we have the infinitesimal M&bius covariance condition

(L, @(2)] = ("L + (m+1)2"d)(2), m=—1,0,1.

From there, we will invoke general results that say that families of covariant local fields
produce vertex algebras (see [Kac98, Thm. 4.5] for the case of vertex algebras, or more
specifically [RTT22, Thm. A.1] for a slight variant for M6bius vertex algebras).

We begin by establishing Mobius covariance.

Lemma 3.10. There is a unique representation 7 : Lie(Méb)e — L(D) such that for all
¢ € F with conformal dimension d and all g-% € Lie(M&b) we have 7(9-5)Q = 0 and

[m(gL),0(f)] = o((d—1)% — g4,

Proof. Uniqueness of such a representation follows immediately from the cyclicity of the
vacuum (W4). Let g2 € Lie(Méb), and let v, € Mob be the associated one-parameter
group. We have

Uye)er(f1) -+ pn(fn) 2 = 01(Ba, (V) f1) = on(Ba, (7e) fn) Q2

where d; is the conformal dimension of ¢; € F. The derivative of 84(y:) is given (as in
[RTT22, Eqn. (3.4)]) by

ﬂd(/}/t)f ( - 1)dgf gd197

t=0

with the derivative taken in the space of smooth functions on S*.
Give D the F-strong topology. Since expressions 1(f1) - on(fn)S2 are jointly con-
tinuous in the f;, we have

d n

2| Uwen(f) el f)2 =D er(f) 05 (d =D)L= 95) - enlfa)2 (3.9)
t=0 j=1

In particular, for every ® € D the expression U(v;)® is differentiable at ¢t = 0, and we

define m(g-%)® = %!t:O U(y:)®. We have 7(g-5)Q = 0 by the Mébius invariance of the

vacuum, and from (3.9) we obtain the desired commutation relation for [ (g-%), ¢(f)].

A direct calculation shows that 7 is a Lie algebra representation. O]

Recalling that L,, = m(—ie"™’4L) for m = —1,0, 1, one can apply Lemma 3.10 term-

by-term to the modes of ¢(z) to deduce the infinitesimal covariance relation

[Lin, 9(2)] = ("L + (m +1)2"d)¢(z). (3.10)
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We now turn our attention to establishing the vertex algebra locality condition. Re-
call that V' denotes @ -, V(n)*; that is, the space of linear functionals on V that are
supported on finitely many V(n). By abuse of notation we write DNV’ for the subspace
of D% consisting of linear functionals A such that Ay, € V', and similarly for D% NV (n)*.
By Lemma 2.11 D% NV (n)* separates points in V(n), and so D% NV’ separates points
in V. The endomorphism L_; = 7(—ie™™-4) of (3.10) and Lemma 3.10 gives an endo-
morphism of D by the lemma. Moreover, the adjoint (transpose) operator L*, leaves D

invariant, becauase if A € D%, then we have by the same lemma

(LZA) (1 (f1) - - - or(fk)$2) =
=A (Z (1) s ( = (dy = e f; +ie™VG5) - mfkm) ,

which depends continuously on the f;, so L* ;A € D%. Hence L*, leaves D>N) invariant,
mapping D% N V(n)* into Dx=NV(n — 1)*.

If X\ is a linear functional on a vector space V and A(z1, ..., 2x) is a formal series with
coefficients in V', then we write A(A(z1, ..., 2x)) for the corresponding formal series with
coefficients in C.

Lemma 3.11. Let @1, 9o € F with conformal dimensions d; and dy, respectively. Then
for every A € V' the formal series

(21 — 22)MF 2N (@1 (21) P2(22))
is a polynomial in 2, and zy after expanding (z; — 22)“+% using the binomial theorem.

Proof. We use standard vertex algebra arguments which go through in the present con-
text. From the positivity of the energy and the Lg- and L_;-commutation relations (3.10),
we can deduce (as in the proof of [RTT22, Thm. 3.11]) that ¢o(22)€2 has only non-negative
powers of zo, and if u := P9(29)2 |,,—0 is the constant term, then u € V(ds). The formal
power series e2L-1y and ¢(z)2 both solve the initial value problem %F(Zg) =L 1F(2)
with F'(0) = u. This initial value problem has a unique solution in V[[z3]], and we con-
clude $y(22)Q2 = e*L-14 as formal series.

Similarly, we consider the formal series in 27" and z, given by e™2L-15, (2 )e®2b-1. It
satisfies the initial value problem szlgF<Zlv 29) = —[L_1, F (21, 22)] with F(21,0) = ¢1(21).
Taking each coefficient of 2" separately, it is straightforward to see that this initial value
problem has a unique solution in End(V)[[zi™, z2]]. Let ¢z, .,$1(21 — 22) denote the series
in End(V)[[zi, 25]] obtained by expanding each term (z; — 2,)™ as a binomial series with
positive powers of zo. This series satisfies the same initial value problem, and so we have

e 21 ()€ = 1 L1 (21 — 22).

Putting the two calculations together, we obtain an identity of formal series

2oLl _q

P1(21)P2(22)Q2 = €71, L, P1(21 — 22)u.

Hence
A(P1(21)@2(22)9) = (€21 N) (12,2001 (21 — 22)01).
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As L*, maps V(n)* into V(n — 1)*, it acts nilpotently on A and the sum defining e*£=1 )\
is finite.

Consider a term of this sum, which is of the form ((L*)™\)(¢1(21 — 22)u). It suffices
to prove the lemma for A € V(d)* and then take linear combinations, in which case there
is at most one non-zero term in the sum defining this expression. That is, if we write

01(2) =D Q12" then
(LZ)™ M) (@121 — 2z2)u) = (21 — 22) """ BTTPN (B gy — gamut).

Since this term is non-zero only when m < d, we have that

(Zl - 22)d1+d2L217Z2((L*—l)m)‘xsal(zl - ZQ)U) = L217Z2C(zl - ZQ)d_m

for a constant C, which is a polynomial in z; and z3. We conclude that

(21 = 2) " H 20, L (€250 0) (D1 (21 — 22)u)
is a polynomial in z; and z5, and we are done. O

Lemma 3.12. Let F be a Mobius-covariant Wightman CFT, and let p1,po € F. Then
p1 and Qo are local in the sense of vertex algebras.

Proof. Let X : C(S') x C*(S') — End(D) be the operator-valued distribution corre-
sponding to the formal series (z; — 22)4 79[} (21), Pa(22)] after expanding out the bino-
mial (2, — 2,)4742. More precisely, we first define X on pairs of functions (e,, €,,), where
€n(2> = Zn? by

(21— 2)" 2 [1(2), Pa(2)] = Y X(emem)n ™5™

nmez

and these coefficients lie in End(V). However expanding (z; — 25)%+% we see that X is
a (finite) linear combination of distributions of the form

(f,9) = [p1(en - [), palem - 9)]; (3.11)

which extends to a genuine distribution X : C*(S') x C*(S') — End(D) as claimed.
Moreover, we see from this formula that X (f, g) = 0 when f and g have disjoint support,
i.e. the support of X is contained in the diagonal of S* x S*.

Let A € D% NV, and note that since A € D% the distribution

(f,9) = MX(f,9))

is indeed continuous in f and g. Applying Lemma 3.11 twice, we see that this distribu-
tion, which corresponds to the formal series (21 — 20) T2 \([@1(21), P2(22)]Q), is given by
integration against a trigonometric polynomial. As noted above this distribution (and
hence the corresponding polynomial) has support contained in the diagonal of S x S,
and thus must be identically zero. Since D% NV’ separates points in V by Lemma 2.11
we conclude that X (e, e,,)Q? =0 for all n,m € Z. As X(f, g)S2 is F-weakly continuous
in f and g, this implies that X (f, g)Q2 = 0 for all f,g € C>®(S1).
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Recall that X is a linear combination of distributions of the form (3.11). Hence if f
and g are supported in an open, non-dense interval I of the circle, then the Reeh-Schlieder
property (Corollary A.3) implies that X (f,g) = 0. Now choose three intervals that cover
S* such that the union of any two is contained inside some interval, and let {x;} be a
partition of unity subordinate to this cover. Then X (f, g) = Z?,j:l X (fxi,gx;) = 0 for
arbitrary f,g € C°°(S'). In particular X (e,,€,,) = 0 for all n,m € Z, and we conclude
that the formal series (27 — 20)1+%[21(21), P2(22)] is identically zero, as desired. O

We can now state and prove one of our main results, constructing a Mobius vertex
algebra from a Wightman theory.

Theorem 3.13. Let F be a (not-necessarily-unitary) Mébius-covariant Wightman CFT
on St with domain D, and let YV C D be given by

V = span{pi(e;,) - - pr(e; )2 k € Z>o, ji € Z, ¢; € F}.

Then there is a unique structure of Mobius vertex algebra on V such that for every ¢ €
F with conformal dimension d there is a quasiprimary v, € V(d) such that p(z) =
Y (vy, 2) € End(V)[[z*]]. The set S = {v, | € F} generates V.

Proof. We equip V with the representation of Lie(Mob)c¢ from Lemma 3.10. To show that
the point-like fields ¢(z) generate a Mdbius vertex algebra, we invoke [RTT22, Thm. A.1]
(see also [Kac98, Thm. 4.5]). To invoke his theorem, we need to verify that:

L. V=@, ker(Lo —n)
2. Q is Lie(Mob)-invariant
3. For every ¢ € F, $(2)2 has a removable singularity at z =0

4. For every ¢ € F, there exists a d, € Z>q such that

Loy @(2)] = (2™ L 4+ (m+1)2"d,)p(2)  m=—1,0,1

(@34

. For every ¢,1 € F, we have (z — w)N[@(2), p(w)] = 0 for N sufficiently large
6. V = span{yi(e;,) - vr(e; )k > 0,5 € Z,p; € F}.

The first point follows from the fact that 1 (ej,) - - - pr(e;, )2 is an eigenvector for Ly with
eigenvalue — > j; by the commutation relation of Lemma 3.10. The second point and
fourth point also follow from Lemma 3.10 along with Equation (3.10). The fifth point
holds by Lemma 3.12, and the sixth point is the definition of V.

We now argue the third point, that ¢(z) has a removable singularity at z = 0. The
argument is the same as in [RTT22, Thm. 3.11]. Let ¢, = ¢(e,).?

3Note that ¢,, is the n-th mode of a single field ¢ and not the n-th field. We use this notation only
here and in the next paragraph.
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We must show that ¢_,Q2 =0 for n < d—1. When n < 0 this identity holds by the
spectrum condition which implies that ker(Ly — n) = 0 for these n. So we now consider
n=20,...,d—1. From the L_;-commutation relation of ¢ we have

§0an = ﬁLflspfnJrlQ'

We repeatedly apply this identity, starting with n = 0, to obtain 0 = py2 = --- =
©_q1152, as desired.

Thus by [RTT22, Thm. A.1] there exists a unique structure of Mébius vertex algebra
on V, with the same L,,, such that for every ¢ € F with conformal dimension d we have
Y(p_4f2,2) = ¢(2). The vector p_,0 is quasiprimary, as

Lip_qQd = [L1,p_q)2 = Eg(l)[Ll, Y(p_af2, 2)|Q = l%(z%% +22d)Y (9_4f2,2)Q2 = 0.
By the sixth point, the set S in the statement of the theorem generates V. This completes
the proof of the existence statement.

For uniqueness, note that the set {lim, .o $(2)Q} generates any vertex algebra satisfy-
ing the statement of the theorem. The modes of the corresponding fields are determined
by the fields ¢(2), and the modes of the remaining fields are then determined by the
Borcherds product formula (2.5). The grading operator Ly is determined by the require-
ment that the conformal dimension of lim, o $(2)f2 matches the conformal dimension
of . The operators Ly; are then determined by the commutation relations with the
generating fields. We conclude that the Mobius vertex algebra constructed above is the
unique such structure satisfying the requirements of the theorem. O

As a corollary of the proof of Theorem 3.13 we have that if ¢ € F is non-zero and
has conformal dimension d then

d=inf{n € Zso| p(e_n)2 # 0}, (3.12)

and in particular this gives a proof that the conformal dimension of a Wightman field is
uniquely determined.
We conclude this section with a canonical realization of the domain D of a Wightman

CFT.

Proposition 3.14. Let F be a Mébius-covariant Wightman CFT on S' with domain D,
and let V C D be the corresponding Mobius vertex algebra from Theorem 3.13. Equip
D with the F-strong topology and equip V = [~ ,V(n) with the weak topology induced
by V'. Then the identity map idy extends to a (necessarily unique) injective continuous
linear map v : D — V.

Proof. First, we claim that for any ® € D there exists a unique sequence ®,, € V(n)
such that ® = ) &, converging in the F-strong topology. We first consider existence.
It suffices to establish existence for ® = ¢1(f1) - @r(fr)2. Arguing as in the proof of

Lemma 3.8, there exists a continuous map S : C°°((S*)*) — D such that

S(fr @z - ®x fx) = 01(f1) -+ e (fr)Q
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for all f; € C*°(S'), where D is the completion of D in the F-strong topology (see
Appendix B) and

(f1 ®r - ®r fi)(21, -, 2) = fi(21) -+ fr(2n)-

Let P, : C=((S1)*) — C>=((S')*) be the projection onto the closed span of monomials
2tz with ng + -+ + nyp = —n (whose kernel is spanned by monomials with n; +
<+ +ng #—n). When fi,..., fr € C[z*!] we have

S(Pn(fl ®ﬂ- s ®ﬂ- fk)) € V(H;Ul, e ,’Uk)

where v; € V is the vector corresponding to ¢;. Since V(n; vy, ..., vy) has finite dimension,
and is therefore complete [NB11, Thm. 4.10.3], the composed map SP, takes values in
V(n;vy,...,v), and in particular in V(n). Thus if & = S(f; ®; -+ @, fr) and we set
O, = SP,(f1 ®x -+ @r fr), then & = > &, in (the natural extension of) the F-strong
topology on 13, because Y. P(fi @z ®r fx) = f1 @r -+ @p fr in C®((S1)*) and S is
continuous.

We now consider uniqueness of the sequence ®,. Suppose that > &, = 0 with
®,, € V(n) and the sum converging F-strongly. Then any A € V(m)* N D% extends to D
by continuity (see Appendix B) and we have

0=X2) =) APn) = A\(Pp).

As V(m)* N D% separates points in V(m) by Lemma 2.11 we see @, = 0, and since m
was arbitrary this establishes the uniqueness portion of the claim.

We now define ¢ : D — V by «(®) = (P,,)n>0, where ®,, € V(n) is the unique sequence
such that > ®, = ® with F-strong convergence. This map is well-defined by the above
claim and, by inspection, ¢ is injective and restricts to the identity on V. It remains
to check that ¢ is continuous from the F-strong topology to the weak topology on V
induced by V'. By the universal property of the F-strong topology, it suffices to check
that A(ep1(f1) -+ - @r(fr)S2) depends continuously on the f; for any A € V(n)*. By the
calculation above we have

Aepr(f1) - or(fi)2) = MSPL(f1 @7 - ®r fr))- (3.13)

We have seen that SP, is a continuous map with values in the finite-dimensional space
V(n;vi, ..., ), and Alygue,,..v) 18 evidently continuous. We conclude that (3.13) is
continuous in the f;, and so ¢ is continuous as claimed. O

3.3 Equivalence of categories

We have constructions in Theorem 3.9 and Theorem 3.13 that produce Wightman CFTs
from vertex algebras and vice versa. In this section we show that these constructions
are inverse to each other, or more precisely we show that they induce an equivalence of
categories. We now introduce the relevant categories.
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A homomorphism ¢ : V — V of Mébius vertex algebras is a linear map that intertwines
the representations of Lie(Mo6b), maps the vacuum vector to the vacuum vector, and
intertwines the modes:

g(Wmu) = g(v)mg(u) u,v € V.

Now suppose that V have V are equipped with choices of generating sets of quasiprimary
vectors S and S, respectively. We say that ¢ is a morphism (V,S) — (V,S) if g is a
homomorphism of Mébius vertex algebras and g(S) C S. We write MVA™ for the cate-
gory of Mdbius vertex algebras equipped with a choice of generating set of quasiprimary
vectors.

If (F,D,U,Q) and (F,D,U,Q) are Mébius-covariant Wightman CFTs on S', then
a morphism F — F is a linear map g: D — D and a function ¢, : F — F Such that
g(Q) = Q, g intertwines U and U, and go(f) = (g.¢)(f)g for all ¢ € F and f € C>®(S).
Note that g, is uniquely determined by g. A straightforward calculation shows that a
homomorphism g is continuous when D and D are respectively given the F-strong and
F-strong topologies, and similarly for the F-weak and F-weak topologies. We write MW
for the category of Mobius-covariant Wightman CFTs on S?.

Lemma 3.15. Let (F,D,U,Q) and (F,D,U,Q) be a pair of Mébius-covariant Wightman
CFTs and let (g, g,) be a morphism F — F. Let V C D and YV C D be the Mibius vertex
algebras constructed in Theorem 3.13, and let S and S be the respective sets of generating

vectors. Then g(V) C V and gy : (V,S) = (V, S) is a morphism in MVA™.

Proof. By definition V is spanned by vectors of the form ¢4 (e;, ) - - - pi(e;, ) where p; € F
and e;(z) = 27. Since (g, g«) is a morphism we have

ggpl(e]’l) T (p(ejk)Q = (9*901)(63'1) T (g*(:pk)<€jk)ﬁ € f),

so g(V) C V.

We next check that g intertwines the representations of Lie(Mob). Let -4 € Lie(Mob)
and let 74 € Mob be the corresponding one-parameter group. We saw in the proof of
Lemma 3.10 that the representations of Lie(M6b) on D and D are given by differentiating
U(v:), and so we have

d 8 X
gr(h-Lyv =g p U(y)gv = 7 (h-)gv

t=0

d
» U(y)v = at

where we used that the derivatives are taken in the F- and F-weak topologies, and g is
continuous with respect to these topologies.

Now fix ¢ € F with conformal dimension d. Let d’ be the conformal dimension of
g«p, and we begin by arguing d = d’ provided g, # 0. By (3.12) we have

= inf{n € Zso| p(e_,)Q2 # 0}, d =inf{n € Z>o| (g.)(e_n)Q # 0}.

As g.p(e_n)Q = gp(e_,)2 we have d < d’, and we must show that gp(e_4)Q2 # 0.

From the previous step we know that gL, = f/ng, where as usual L, = m(—ie™’ d%) and

similarly for L,.. Thus for n # d we have

(g:0) (e—n)2 = gp(e_) 2 = = gL_1p(e_ps1)Q = = L_1(g.4p) (e—ps1)S2.

29



If (g.0)(e—a)Q = 0, we may apply the above relation repeatedly ton = d+1,d+2,.
conclude that (g,¢)(e_,)Q = 0 for all n € Z,. But then we would have (g*gp)(e d/)Q = 0
a contradiction. We conclude that d' = d, which is to say that ¢ and g,¢ have the same
conformal dimension provided g.p #Z 0.
Next observe that Y (gv, z) = (g.¢)(2), or equivalently (gv)m) = (9+¢)(€n—q+1). We
therefore have
GVm) = 9P(en—ar1) = (9:¢)(€n-d+1)9 = (90)(m)9-

This means that g intertwines the actions of modes of vectors v corresponding to ¢ € F,
and since such vectors generate V we can conclude that ¢ intertwines the actions of
modes v(,) for all v € V. Moreover the identity gp(e_q)Q = (g.)(e_q)Q implies that
gSc 8. m

Lemma 3.16. Let V and V be Mébius vertex algebras with generating sets S and S,
respectively. Let g = (V,S) — — (V,S) be a morphism in MVAT. Let (D, F,U,Q) and
(D, F,U,Q) be the Mébius-covariant Wightman CFTs constructed in Theorem 3.9. Then
there is a unique morphism (h,h,) : F — F such that hly = g.

Proof. For v € S, we write ¢, := Y (v,-) for the corresponding Wightman field in F,
and similarly for o € S we write @; = }7( ) for the Wightman field in F. For v € S,
we define h,p, = @4y € F. Since g is a morphism of vertex algebras we have for all
©01,...,0r € Fandall fi,..., fr € C[zH!]

921(f1) - or(f)Q = (hepr)(f1) - - (huspr) (f)Q2

Since morphisms of Wightman CFTs are continuous for the F- and F-weak topologies,
we can see from the above formula that a morphism (h, h.) as in the statement of the
lemma is necessarily unique.

Since g intertwines the actions of Ly and Ly, the adjoint operator ¢* maps V' into V'
AsV CDiand V C D* (by Lemma 3.4), and V' separates points in D, it follows that

the closure of the graph of g:V — Vin D x D is again the graph of a densely defined
linear map h: D — D. If fi,..., fr € C(S!), we may approximate each f; by Laurent
polynomials f;, to obtain

hor(fin) -+ Oe(fen)Q = (1) (fin) -+ - (heor) (fien) 2 = (haip1)(f1) - - - (heior) (f2)Q2
Hence h is defined on all of D and ho(f) = (h.p)(f)h for all f € C>(S') and ¢ € F.

It follows immediately that h also intertwines the representations U and U, and we have
shown that (h, h,) is a morphism F — F. O

Lemmas 3.15 and 3.16 upgrade the constructions of Theorem 3.13 and 3.9 to a pair
of functors F : MW — MVAT and G : MVAT — MW. In showing that these are an
equivalence of categories, it will be helpful to note that if F is a Wightman CFT with
domain D, then the vertex algebra V := F(F) is a subspace V C D. Conversely, if
V € MVAT and D is the domain of the Wightman CFT G(V), then V C D.

Lemma 3.17. We have the following.
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i) Let (F,D,U, Q) be a Mébius-covariant Wightman CFT, let V = F(F) with V C D.
Let (F,D,U,Q) = G(V) with V C D. Then there is a unique isomorphism (g, g) :
F — F such that g|y = id.

i) Let V be a Mdobius vertex algebra, let (F,D,U,Q) = G(V) be the corresponding
Mobius-covariant Wightman CFT with V C D. Let V C D be the Mobius vertex
algebra F'(F). Then V =V as Mébius vertex algebras.

Proof. We first consider (i). Uniqueness of such an isomorphism follows from the fact
that an isomorphism ¢ : D — D is F-strong continuous and V C D is F-strong dense.
We now consider existence. By construction there is a canonical bijection F — F which
we denote by ¢ — ¢. We must verify that there exists a corresponding bijection D — D.
We have ¥V C D and V C ? By construction we have D C V, and Proposition 3.14
provides a map ¢ : D — V. We have wpi(f1) - pre(fe)2 = &1(f1) - Pr(fr)Q when
f; € C[z*!], and since both sides are continuous in the functions f; this extends to all
f; € C>(S"). We conclude that  maps D into D and furnishes the necessary bijection.
Part (ii) is immediate from the construction. O

The isomorphisms from Lemma 3.17 are natural in F and V respectively, and thus
we have proven the following.

Theorem 3.18. Let MW be the category of (not-necessarily-unitary) Mébius-covariant
Wightman CFTs and let MVA™T be the category of Mdébius vertex algebras equipped with
a generating family of quasiprimary vectors. Let F : MW — MVA™ be the functor
constructed on objects in Theorem 3.153 and on morphisms in Lemma 5.15. Let G :
MVAT — MW be the functor constructed on objects in Theorem 3.9 and on morphisms
i Lemma 3.16. Then F and G, along with the isomorphisms of Lemma 5.17, are an
equivalence of categories between MW and MVA™ .

4 Invariant forms and unitary theories

In this section we show that the correspondence between Wightman CFTs on S* and
Mobius vertex algebras constructed in Section 3 is compatible with invariant bilinear
forms. The definition of an invariant bilinear form for a Mébius vertex algebra is standard
(see [FHL93, §5.2] and [Li94]).

Definition 4.1. An invariant bilinear form (-, -) on a M6bius vertex algebra V is a bilinear

form such that
(Y(v, 2)uy, ug) = (ul,Y(eZLl(—z’z)Lov, z’l)ug) (4.1)

and
(Lnulv u?) - (ula L—nUZ) (42)

for all v, uy,us € V.

It can be convenient to introduce notation for the opposite vertex operator

YO(v,2) = Y (e (—27%)koy, 27 1), (4.3)
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and in this notation the invariance condition becomes
(Y (v, 2)ur, ug) = (w1, Y°(v, 2)uz).

The map L, — —L_, extends linearly to a Lie algebra automorphism of Lie(Mob)c
which leaves Lie(Mob) invariant. Let da : Lie(Mob) — Lie(Méb) be this restriction. In
this notation, the compatibility condition (4.2) between the invariant bilinear form and
the representation 7 of Lie(M&b) on V becomes

(m(f 4 ur, ug) = —(uy, w(do( f+5) ).

In order to formulate the correct notion of invariant bilinear form for a Wightman CFT,
we must integrate da to an automorphism a of Mcob. It is straightforward to check that
a is given by

(a)(2) = 1/7(3).
Indeed, at the level of matrices a is given on <% 2 € SU(1,1) (with |a]* = [b]* = 1) by

complex conjugation B
a b\ [(a b
o @) " \b a

and do is given on (1_0 d ) € su(l,1) (with ¢ € R) by complex conjugation as well

d —lc
ic d —ic d
doy (c_l —ic) N < d ic) ’

exp(da(f 1)) = olexp(f 5)). (44)

We thus have the following notion of invariant bilinear form for a Wightman CFT.

In particular we have

Definition 4.2. Let (F, D, U, Q) be a Mobius-covariant Wightman CFT on S*. A jointly
F-strong continuous bilinear form (-, -) on D is called an invariant bilinear form if

(P(£)2,0) = (@, (~=1)%p(f 0 1)¥) (4.5)

for all ¢ € F (with conformal dimension d,), all f € C*(S'), and all ®,¥ € D, and
moreover

U(M)®,U(a(1)¥) = (2,9) (4.6)
for all v € Mob and @,V € D.

As in the context of vertex algebras, we can introduce the notion of opposite field

©°(f) = (=1)%p(f o 1)

and the invariance condition (4.5) then becomes
(e(f)®, ) = (@, () V).
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Theorem 4.3 (Correspondence between invariant bilinear forms). Let (F,D,U, ) be
a Mobius-covariant Wightman CFT on S' and let V C D be the corresponding Mdobius
vertex algebra. Then

i) Every invariant bilinear form for the Wightman CEFT D restricts to an invariant
bilinear form for the vertex algebra V.

ii) Every invariant bilinear form for the vertex algebra V extends uniquely to an invari-
ant bilinear form for the Wightman CFT on D.

If an invariant form on V' is nondegenerate, then so is the extension to D. Conwversely,
if an invariant form on D is nondegenerate then so is the restriction to V.

Proof. First suppose that D is equipped with an invariant bilinear form (-, -). Let
X € Lie(Mab), let v, = exp(tX) € Mdb, and let

pr = a(exp(tX)) = exp(tda(X)).

For uq,us € V we have
(UWt)Ul, UQ) = (Ul, U()O—t)u2)-
Differentiating and evaluating at t = 0 (as in the proof of Lemma 3.10) yields

(m(X)uy, ug) = —(uq, m(da(X))us),

as required. Now let S C V be the set of quasiprimary generators corresponding to F.
For v € S we have

(Y (v, flur,uz) = (=1)™ (w1, Y (v, f 0 L)uy)

and in particular at the level of modes v,, € End(V) we have
(v, ) = (—=1)% (uy, v_pus).
Hence for v € S we have
(Y(v, 2)uy, ug) = (ug, Y°(v, 2)us).

This extends to all v € V by Lemma 4.4 below, and we have established (i).

Now conversely suppose that V is equipped with an invariant bilinear form which
we denote (-, -)y. Note that a F-strongly continuous extension of such a form on V
to a bilinear form on D is unique, and so we must only show existence. Recall from
Proposition 3.14 that D comes naturally embedded in V = [[ 2, V(n). The bilinear form
on V naturally extends to a pairing of V' and V. First, we claim that for ¢, ..., px,
U1, .. € Fand fi,. .., fr, G155 g0 € C°(SY) we have

(V°(ge) - °(g)er(f1) - - e (fe) L D)5y, = (2, 0°(fi) - °(f1)U(91) - - P (90)Q)y, 5
(4.7)
Indeed these agree when f;, g; € C[zF!] since the form is invariant for V, and this identity
extends to all smooth functions by continuity.
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With this in mind, we wish to define a bilinear form on D by extending linearly the
prescription

(1 (f1) - ou(fi) 2 hi(gr) - - e(ge) D) := (¥°(ge) - - P (g1) 1 (f1) - - - o (i) Q) s
(4.8)
but we must first check that this is well-defined. Suppose that for some collection of
Wightman fields ¢; ; € F and smearing functions f;; € C*(S') we have

0=">> 1(fig) o i(fi, )2 =0.

(2

Then for all ¢y, ...,%, € F and g4,..., g9, € C*(S)

0= ZW(Q@) o %(g1) e (frg) - ony (g )S2

and thus
0="Y (°(g0) - ¥°(9)p15(f15) - Phy i (fry ) D -
j

This shows that the prescription (4.8) is well-defined in the first input. We may repeat the
above argument (invoking (4.7)) to show that it is also well-defined in the second input,
and we conclude that (4.8) extends to a well-defined bilinear form. As (4.8) is continuous
in the functions f; and g;, the bilinear form on D is jointly F-strong continuous, as
required.

Finally, we need to check that (-,-)pp is compatible with the representation U of
Méb. Let X € Lie(Méb), let v, = exp(tX) and recall that a(y) = exp(tda(X)). From
the proof of Lemma 3.6 we have for ® € D

d d d

GU00P = LUOLIP = TUCIUG)R  =r(X)U(0)e,

with the derivative taken in the F-strong topology on D. Similarly

d
20 (@) ¥ = m(da(X))U(a())P.
Hence by the joint continuity of the bilinear form we have
d
E(U(%)@’ Ula(n)¥)p

(r(X)U ()@, Ula(-1))¥)p + (U (1) ®, m(da(X))U(a(1))¥)p
0.

In the last equality we used the fact that (7(X)uy, us) = —(uy, 7(do(X))ug) for u; € V,
which extends to vectors in D by the F-strong continuity of 7(X) and m(da(X)). Hence
the above expression is independent of ¢, and as the exponential map Lie(Méb) — Mob
is surjective we then have

(@, ¥)p = (U(7)®, U(a(7)¥)p
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for all v € Mob and ¢, ¥ € D, as required. R

Finally, we address nondegeneracy. Recall that D embeds naturally in )V and that the
bilinear form on D is compatible with the pairing of V and V. If the bilinear form on V
is nondegenerate and ® = (®,,),>0 € D (with ®,, € V(n)) is non-zero, then ®,, # 0 for
some n, and thus there exists v € V(n) such that

(®,v) = (P,,v) £ 0.

A similar argument shows that the right-kernel of the form is zero, and so the form on
D is nondegenerate.

Conversely, assume that the form on D is nongenerate. By Mobius invariance, its
restriction to V is the direct sum (v,u) =) (v,u). Let v € V with v # 0. Then there
exists ® = (®,,)n>0 € D with

0# (v,0) =) (v, Dp).

n

Hence there must be some n such that (v,, ®,) # 0, and so the left-kernel of the form on
Y is zero. A similar argument shows that right-kernel is zero as well. O]

We used the following fact in the proof of Theorem 4.3.

Lemma 4.4. Let V be a Mébius vertex algebra equipped with a bilinear form (-, -), and
let S CV be a set of vectors that generate V. Suppose that the invariance condition

(Y (v, 2)uy, uz) = (ug, Y°(v, 2)us)
holds for v € S and uy,us € V, and also that
(LnU1, uZ) - (ula L—nUZ)

for all uy,uy € V. Then the invariance condition holds for allv € V (i.e. the form is an
invariant bilinear form for V).

Proof. There is a (generalized) V-module structure on the restricted dual V' whose state-
field correspondence Y'(v, z) is characterized by

(YO(v, 2)u,u' )y = (u, Y (v, 2)u’)y v

for all u,v € V and v’ € V'. This contragredient module structure was first studied in
[FHL93, §5.2] and described further in our context with infinite-dimensional weight spaces
in the paragraphs following [HLZ14, Lem. 2.22]. If f :V — V' is the map f(u) = (u, -),
then our hypothesis implies that fY(v,z) = Y'(v,2)f for all v € S, or at the level of
modes fv(,) = vzn) f for all v € S and n € Z. This intertwining condition extends to all
v € V by the Borcherds product formula (for V and for V'), and we conclude that the
bilinear form is invariant. ]
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It was shown in [FHL93, Prop. 5.3.6] that every nondegenerate invariant bilinear form
on a vertex operator algebra is symmetric. Later it was observed in [Li%4, Prop. 2.6]
that the proof does not use the hypothesis of nondegeneracy, and further examination of
the proof in [FHLI3| shows that the proof also goes through for Mébius vertex algebras
as defined in this article (that is, allowing for infinite-dimensional Ly-weight spaces and
only using M&bius symmetry rather than Virasoro). In light of Theorem 4.3, we have the
same result for Wightman CFTs.

Corollary 4.5. Every invariant bilinear form on a Wightman CFT is symmetric.

We now turn our attention to unitary theories, and more generally invariant sesquilin-
ear forms (which we call involutive structures). In order to do this we will need to
introduce antilinear homomorphisms of Mobius vertex algebras and Mobius-covariant
Wightman CFTs. Let V and V be Mébius vertex algebras, with vacuum vectors Q and
Q and representations L, and L, of Lie(Mob)c, respectively. Then an antilinear map
g:V — Vis called a homomorphism if g(Q) = Q and

JU(m) = (g’U)(m)g, and gL, = L,g

forallveV, meZand n=-1,0,1.

On the Wightman side, if (F,D,U,Q) and (F, D, U,Q) are Mdbius-covariant Wight-
man CFTs, an antilinear homomorphism F — F is an antilinear map g:D — D and a
function g, : F — F such that ¢(Q) = Q and

9o(f) = (g0)(fol)g,  and  gU(y)=U(a(r))g

for all p € F, f € C(S') and v € Mdb (and we recall a(v)(z) = 1/7(2))*. We have

U)(g+0)(f) = gU(a(y))e(f o 2),

where f denotes the pointwise complex conjugate. Just as we demonstrated in Lem-
mas 3.15 and 3.16, one can show that antilinear homomorphisms of Mdbius vertex alge-
bras extend uniquely to antilinear homomorphisms of Wightman CFTs, and conversely
antilinear homomorphisms of Wightman CFTs restrict to antilinear homomorphisms of
Mobius vertex algebras.

Lemma 4.6. Let (F,D,U, ) and (F,D,U,Q) be two Mébius-covariant Wightman CFTs
and let V C D and V C D be the corresponding Mobius vertex algebras with respective
generating sets S and S.

i) If (9,9.) : F — F is an antilinear homomorphism then g(V) C V and gly is an
antilinear homomorphism of Mdbius vertex algebras satisfying g(S) C S.

4Tt may be surprising that the condition gL, = f/ng for vertex algebras corresponds to gU(vy) =
U(a(v))g for Wightman CFTs. Note that due to the antilinearity of g, the relation gL, = L, g does
not imply that ¢ intertwines the representations of Lie(Méb). In fact we have gn(X) = 7(da(X))g for
X € Lie(Mob).
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i) If gV — V is an antilinear homomorphism of Mébius vertex algebras such that
g(S) C S, then there is a unique antilinear homomorphism (h,h.) : F — F such
that h‘v =4d.

We omit the proof of Lemma 4.6 which is essentially identical to Lemma 3.15 and
3.16 (once we observe as above that an antilinear vertex algebra homomorphism satisfies
gm(X) = 7(da(X))g for X € Lie(Mob)).

Recall that an antilinear map ¢ is said to preserve a sesquilinear form if (g®, g¥) =
(P, W) for all vectors @, ¥, and that a sesquilinear form is said to be (Hermitian) sym-

metric if (©, V) = (U, ).

Definition 4.7. An involutive Mdobius vertex algebra is a Mobius vertex algebra
V equipped with a sesquilinear form (-, -) and an antilinear automorphism 6 : V — V
which is involutive (6% = idy) and preserves the sesquilinear form, and such that {-,6-)
is an invariant bilinear form. An involutive Mobius vertex algebra is called unitary if
the sesquilinear form is an inner product that is normalized so that (Q,Q) = 1.

We use the convention that sesquilinear forms are linear in the first variable, and
require that homomorphisms of Mobius vertex algebras commute with the operators L,,.
The condition that (-,60-) is an invariant bilinear form is equivalent to having

(Y(v, z2)ur,us) = (ug, Y°(Ov,2)ug) and  (Lpuy,ug) = (uy, L_pus) (4.9)

for all uy,ug,v € V and n = —1,0, 1, where z is a formal complex variable, i.e. (-,Z-) =
z2(-, ).

We sometimes refer to the sesquilinear form from Definition 4.7 as an invariant
sesquilinear form, omitting reference to the involution 6.

Remark 4.8. The sesquilinear forms from Definition 4.7 are automatically Hermitian
symmetric as a consequence of the fact that invariant bilinear forms are symmetric.
If the sesquilinear form is nondegenerate then the requirement that 6 be involutive is
redundant and the automorphism 6 is uniquely determined by the sesquilinear form (the
proof is exactly as in [CKLW18, Prop. 5.1] for inner products).

We now turn our attention to invariant sesquilinear forms on Wightman CF'Ts.

Definition 4.9. An involutive Moébius-covariant Wightman CFT on S! is a Wight-
man CFT (F,D, U, ) along with a jointly F-strong continuous sesquilinear form (-, -)
on D and an involutive automorphism (0, 6,) of F such that 6 preserves the sesquilinear
form and such that (-, #-) is an invariant bilinear form. An involutive M&bius-covariant
Wightman CFT is called unitary if the sesquilinear form is an inner product which is
normalized so that (©2,Q) = 1.

As with vertex algebras, we sometimes refer to the sesquilinear form of Definition 4.9
as an invariant sesquilinear form, omitting reference to the involution.

If we write ¢! = (—1)%0,¢, then the condition that (-, #-) is an invariant bilinear
form is equivalent to

(p(f)2,0) = (2,0 (f)¥) and (U(M)P,U(1)¥) = (D, V) (4.10)
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for all ®, ¥ € D, ¢ € F, and v € M6b®. Here, as before, f denotes the pointwise complex
conjugate of the function f.

As with involutive vertex algebras (Remark 4.8), the sesquilinear form of an involutive
Wightman CFT is automatically Hermitian symmetric.

Theorem 4.10 (Equivalence of involutive and unitary structures). Let (F,D,U,$2) be
a Mobius-covariant Wightman CFET, and let V C D be the corresponding Mébius vertex
algebra equipped with a set S of quasiprimary generators. Then we have the following.

i) If D is equipped with a sesquilinear form and involution (0,60,) making it into an
involutive Wightman CFT, then the sesquilinear form and involution 6 restrict to
an involutive structure on the vertex algebra V. The set S C V of quasiprimary
generators 1s invariant under 6.

i) IfV is equipped with a sesquilinear form and involution 0 making it into an involutive
vertex algebra and S is invariant under 0, then there is a unique involution 0, of
F and unique extensions of the sesquilinear form and 6 to D making F into an
involutive Wightman CF'T.

If the sesquilinear form is nondegenerate on D then it remains nondegenerate on V, and
similarly iof the form is nondegenerate on V' so is the extension to D. Moreover unitary
structures on D correspond to unitary structures on V', and vice versa.

Proof. First consider an involutive structure (6,6,) on F. Then 6 restricts to an anti-
linear involutive M&bius vertex algebra automorphism 0]y, : V — V by Lemma 4.6. By
Theorem 4.3, the invariant bilinear form (-, #-) restricts to an invariant bilinear form
on V, and it follows that (-, -) and 6|, yield an involutive structure on V. If ¢ € F
corresponds to the state v € V(d), then

v = Op(e-a) = (0.p)(e—a)Q2.

Hence the Wightman field 0,4 € F corresponds to fv and S is #-invariant (we have used
here the observation that 6, preserves the conformal dimension of fields).

For the other direction, suppose that we have an involutive structure on V corre-
sponding to an involution € and sesquilinear form (-, -). Then the invariant bilinear
form (-,0-) extends uniquely to an invariant bilinear form (-, -) on D. By Lemma 4.6
we may uniquely extend € to an antilinear automorphism (6, 6,) of F. This extension
is F-strong continuous, and thus the sesquilinear form (-, 6-) is F-strong continuous as
well. This sesquilinear form, along with (0,6,), yield an involutive structure on F as
required.

The proof of equivalence of nondegeneracy is straightforward (as in the proof of The-
orem 4.3), and the equivalence of unitarity is immediate. O

®Note that this is a slight departure from [RTT22], where we required that F be invariant under the
involution } rather than 6,. In the present setting we find the updated definition to be more natural, as
the involution { of fields typically does not correspond to an antilinear automorphism of the Wightman
CFT.
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For unitary Wightman CFTs domain D can be equipped with the norm topology
coming from the inner product. This leads to a number of analytic questions, which are
discussed further in [RTT22].

Remark 4.11. Suppose that (F,D,U, Q) is a Wightman CFT such that D is equipped
with an inner product and F is equipped with an involution t. The definition of a (uni-
tary) Wightman CFT given in [RTT22] required only that the compatibility conditions
(4.10) hold, with no mention of the PCT operator . However, under these assumptions
one may show that there exists a unique 6 making the associated vertex algebra V into
a unitary vertex algebra, arguing as in [RTT22, Thm. 3.11] based on [CKLW18, Thm.
5.16]°. One may then extend 6 to an antilinear involution (6,6,) of F by Lemma 4.6,
making (F,D,U, Q) into a unitary Wightman CFT as defined in this article. We note
that for a general sesquilinear form on D, an involution t satisfying (4.10) does not nec-
essarily correspond to an involutive structure. Indeed, in the extreme example where the
sesquilinear form is identically zero, the compatibility conditions (4.10) impose no con-
straint on the involution {, but not every set-theoretic involution of F corresponds to an
involutive structure. It is possible that the conditions (4.10) are sufficient to reconstruct
the PCT operator € when the sesquilinear form is nondegenerate, but we do not address
that question here.

A The Reeh-Schlieder theorem for non-unitary
Wightman conformal field theories

In this section we work with rotation-covariant Wightman CFTs (F, D, U, ) on S*, which
differ from Mé&bius-covariant Wightman CFTs (Definition 2.9) only in that the symmetry
U is only a representation of of the rotation subgroup Rot(S') C Mob, and accordingly
the covariance condition (W1) is weakened to only require covariance for rotations. We
write either R, or Ry for rotation by z = €.

For I C S! an interval (i.e. I is a connected open non-empty proper subset), we let
P(I) C L(D) be the algebra generated by smeared fields ¢(f) with supp f C I. The goal
of this section is to establish the Reeh-Schlieder theorem for the theory F, which says
that the vacuum vector Q is cyclic and separating for the algebras P(I). Recall that 2
is cyclic for an algebra P C L(D) (with respect to a certain topology on D) if PS? is
dense in D, and separating for P if the only X € P such that X2 =01is X = 0. The
analogous statement for unitary Wightman quantum field theories on higher-dimensional
spacetimes is well-known (see [SW64, §4.2] and [RS61]). We give here a proof of the
Reeh-Schlieder theorem in our current (not necessarily unitary) context.

Let D be the open unit disk in C, and D its closure. We denote by A(D) the space
of continuous C-valued functions on D that are holomorphic on the interior D. By the
maximum principle A(D) embeds as a closed subspace of C(S!), and we give A(D) the
norm inherited from C(S%).

5The hypothesis that dimV(0) = 1 required in [CKLW18, Thm. 5.16] is not needed, as shown in
[CGH23, §3.4], and the condition dim V(n) < oo is also not needed.
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Lemma A.1. Let F be a rotation-covariant Wightman CFT. Fiz ¢1,...,¢0r € F, and
let X € D%. Let fi,..., fr € C°(S") and let 1, ..., 2z, € S*. Then for each j =1,--- |k,
the map

Zj )\(U(Rzl)(pl<f1>U<Rz2)902(f2) T U(Rzk)gok(fk)g) (Al)
lies in A(D).

Proof. When the functions f; are all Laurent polynomials, the expression (A.1) is a
polynomial in the z; and the conclusion follows. We now consider the general case.
By rotation covariance we have

AU(R)1(fO)U(Rz,) -+ U(R)on(fe)) = A1 (Bay (R ) f1) -+ 01 (Bay (R ) fi)€2)

where w; = 2122 - - - 2;, and d; is the conformal dimension of ¢;. Given arbitrary smooth
fj, choose sequences of Laurent polynomials f;, such that f;, — f; in C°°(S'). As in
Section 3.1, let HY(S') be the Sobolev space corresponding to a number N > 0, and
recall that the topology on C*°(S') is generated by the Sobolev norms |- ||5. Since
Ba(R,) acts as a unitary on HY(S'), we have convergence in each H™(S1)

nllg)HQlQ ﬂd]. (Rw)f],n = /ij (R’w)f]

that is uniform in w.
Since A € D%, expressions

)\(801(f1) T (Pk(fk)Q) (A-Q)

are jointly continuous as maps C*(S')* — C. Hence we may choose a positive number
N such that (A.2) is jointly continuous HY(S')¥ — C (i.e. it is a bounded multilinear
map). It follows that

nlggo /\(901 (6d1 (Rwl)flyn) T ‘pk(ﬁdk(ka)fk,n)Q) = /\(901(5011 (Rw1)f1) T ‘zpk(/Bdk(ka)fk))
uniformly in zi,...,2;. As each map

2= MU(R.) o1 (frn)U(Rzy)2(f2) - - - U(Rz, ) er(frn)2)
= )‘(901 (ﬁdl (Rwl)fl,n) e Spk(ﬁdk (ka)fk,n)Q)

lies in A(D) and A(D) is a closed subspace of C(S'), the map (A.1) lies in A(D) as
claimed. O

Lemma A.2. Let F be a rotation-covariant Wightman CFT on S* with domain D, and
let I C S* be an interval. Let A\ € D%, and suppose N(XQ) =0 for all X € P(I). Then
A=0.

Proof. Fix p1,..., o € F, so that

)\(801(f1)"'80k(fn)9) =0 (A.3)
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whenever supp(f;) C I for j =1,... k. Fix fi,..., fx supported in I, and consider the
function Fj, : S* — C given by

Fi(2) = )\(gal(fl) T SOk—1(fk—1)U(Rz)90k(fk)Q)'

We have Fj, € A(D) by Lemma A.1. Moreover, by rotation covariance Fj vanishes on a
small interval of S' about 1 (note that supp(f) is closed and the interval I is open, so
that I contains a neighborhood of supp(f;)). Thus by the Schwarz reflection principle
we have F}, = 0 identically, and restricting to z € S! we have

0= Fi(2) = M1 (f1) - or1(fo)pr(Ba(R2) f1)92)

for all 2 € S'. Hence (A.3) holds whenever fi,..., fr_1 are supported in I, and fj is
supported in any interval of length |I|. Using a partition of unity, it follows that (A.3)
holds for arbitrary fy.

We now repeat the above argument. As before, we may show that the function

Z — )\((,01(]01) oo U(RZ>Q0k_1(fk—1)§0k(fk)Q)

vanishes identically on S*, and from there deduce that (A.3) holds whenever fi,..., fi_o
are supported in I, and fr_1, fr are arbitrary. Repeatedly applying this argument, we see
that (A.3) holds for all fi,..., fr € C*(S'), which means A = 0 by the vacuum axiom
of a Wightman CFT. O

Corollary A.3 (Reeh-Schlieder theorem). Let F be a rotation-covariant Wightman CFT
on S' with domain D. For I C S' an interval we let P(I) C L(D) be the subalgebra
generated by (f) with ¢ € F and supp(f) C I. Then

i) Q is cyclic for P(I) with respect to the F-strong topology on D, i.e. P(I1)Q) is F-
strongly dense in D.

ii) § is separating for P(I), i.e. if X € P(I) and XQ =0 then X = 0.

Proof. For part (i), recall from Remark 2.6 that D% is precisely the dual space of D
equipped with the F-strong topology. By Lemma A.2 the closed subspace P(I)Q) is
annihilated only by the zero functional, and so by the Hahn-Banach theorem (for locally
convex topological vector spaces) we must have P(I){2 = D.

For part (ii), observe that by the locality axiom of a Wightman theory the operator
X vanishes on P(I")Q2, where I’ is the interval complementary to I. By Lemma 2.8 the
operator X : D — D is F-strongly continuous, and hence by part (i) we have X =0. O

B Topological vector spaces
In this section we supplement the discussion of the topology on the domain D of a

Wightman field theory by giving additional definitions, details, and references regarding
topological vector spaces and locally convex spaces. We refer readers to the textbooks
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[INB11, Tre67] for further reading. All vector spaces in this section are assumed to be
over the field of complex numbers.

A topological vector space is a vector space V equipped with a vector topology,
which is a topology such that the addition map V' x V' — V and the scalar multiplication
map C x V' — V are continuous. Vector topologies are not necessarily Hausdorff by
definition, although we will primarily be interested in Hausdorff topological vector spaces.

A seminorm on a vector space V is a map p: V — R3¢ such that p(u+v) < p(u) +
p(v) and p(au) = |a| p(u) for all u,v € V and a € C. Given a set of seminorms on V/,
the corresponding seminorm topology is the coarsest topology on V making all of the
seminorms continuous. Seminorm topologies are always vector topologies, but not every
vector topology is a seminorm topology. A locally convex space is a topological vector
space whose topology is a seminorm topology corresponding to some set of seminorms.
Equivalently, a locally convex space is a topological vector space such that there exists
a neighborhood basis of the origin consisting of convex sets [NB11, Thm. 5.5.2]. Every
Hausdorff topological vector space V has a unique completion v [Tre67, §5], and the
completion of a locally convex space is locally convex [NB11, Thm. 5.11.5]. We note
that finite-dimensional Hausdorff topological vector spaces are complete [NB11, Thm.
4.10.3], as are products of complete topological vector spaces. Every continuous linear
map 1" : U — V of Hausdorfl topological vector spaces extends continuously to a map
T:U — V [Tre67, Thm. 5.2].

Locally convex spaces play an important role in functional analysis because the Hahn-
Banach theorem holds for them. In particular, the continuous linear functionals on a
locally convex Hausdorff space separate points. Moreover, if X is a closed subspace of
a locally convex Hausdorff space V' and v ¢ X, then there exists a continuous linear
functional A : V' — C such that A|[x = 0 and A(v) = 1 [NB11, Thm. 7.7.7]. In
contrast, there exist topological vector spaces which do not admit nonzero continuous
linear functionals, such as L spaces with 0 < p < 1.

Most familiar examples of topological vector spaces, such as normed vector spaces,
are locally convex. Another source of locally convex spaces is via weak topologies [NB11,
§8.2]. Given a vector space V and a set of linear functionals X on V| the weak topology
(or initial topology) on V' corresponding to X is the coarsest topology making all of the
functionals continuous. This is a locally convex vector topology, being the seminorm
topology corresponding to the seminorms |A| for A € X. A sequence (or net) v, € V
converges to v if and only if A(v,) — A(v) for every A € X. Amap T : X — V is
continuous with respect to the weak topology if and only if A o T" is continuous for every
AEX.

Dually, we have the notion of the colimit (or final or strong) topology. Consider a
vector space V', and a family of linear maps 7 : Xy — V from topological vector spaces
X, such that the images Ts(X) span V. The colimit topology on V' corresponding to the
maps Ty is the finest topology on V' such that every Ty is continuous, and it is a vector
topology [NB11, §4.11]. If U is a topological vector space, then a linear map 7' : V — U
is continuous if and only if T o T} is continuous for all s.

If each space X is locally convex then we may define a subtly different locally convex
colimit topology on V', which is the finest locally convex topology such that each X is

42



continuous [NB11, §12.2]. If U is a locally convex space then a linear map T : V' — U is
continuous for the locally convex colimit topology if and only if T o T} is continuous for
all s [NB11, Thm. 12.2.2].

We now discuss tensor products of locally convex spaces. If U,V, and X are vector
spaces then bilinear maps U x V' — X correspond to linear maps U ® V' — X, where ®
is the algebraic tensor product. If U,V, and X are locally convex spaces, then there is a
unique locally convex topology on U ® V', called the m-topology (or projective topol-
ogy), such that jointly continuous bilinear maps U x V' — X correspond to continuous
linear maps U ® V' — X [Tre67, Prop. 43.4]. We write U ®, V for the algebraic tensor
product equipped with the 7 topology.

We now conclude by revisiting the F-strong topology. Suppose that F is a set of
operator-valued distributions on St with domain a vector space D. For every ¢, ..., o €
F and ® € D we have a multilinear map C*®(S1)* — D given by (fi,...,fr) —
o1(f1) - or(fr)®. These correspond to linear maps
ond t CP(SY) @y -+ @, C®(S) — D.

-----

We include the case k = 0, in which case S : C — D assigns 1 — &. The F-strong
topology on D is then defined to be the locally convex colimit of the maps S, . o, -
Unpacking the definitions, if X is a locally convex space then a map 7' : D — X is
F-strong continuous if and only if T(p1(f1) - - - ¢r(fi)®P) is jointly continuous in the f;
for all ¢1,...,pr € Fand ® € D.
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